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Abstract

Fragments of Tarski’s relation algebra form the basis of many versatile graph and
tree query languages including the regular path queries, XPath, and SPARQL.
Surprisingly, however, a systematic study of the relative expressive power of
relation algebra fragments on trees has not yet been undertaken. In this work, we
perform such a systematic study. Our approach is to start from a basic fragment
which only allows composition and union. We then study how the expressive
power of the query language changes if we add diversity, converse, projections,
coprojections, intersection, and/or difference, both for path queries and Boolean
queries. For path queries on labeled trees, we found that adding intersection
and difference yields more expressive power for some fragments, while adding
one of the other operators always yields more expressive power. For Boolean
queries on labeled trees, we obtain a similar picture for the relative expressive
power, except for a few fragments where adding converse or projection yields no
more expressive power. Additionally, we also studied querying unlabeled trees,
for which we have found several redundancies. One challenging problem remains
open, however, for both path and Boolean queries: does adding difference yield
more expressive power to fragments containing at least diversity, coprojections,
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and intersection?
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1. Introduction

Trees can be used to model data that has a hierarchical or nested structure
including taxonomies, organizational charts, documents, genealogies, file and
directory structures, and the hierarchy of objects in object-oriented programming.
We refer to Figure 1 for an example of such a hierarchy. It is therefore not
surprising that tree data models have been continuously studied since the 1960s [2–
4]. Modern query languages for querying tree data have a heavy reliance on
navigating the tree structure. Prime examples of this are XPath [5–8] and the
various JSON query languages [9]. At its core, this navigation can be captured
by fragments of Tarski’s relation algebra [10]. Consequently, tree querying
based on fragments of the relation algebra has already been studied in great
detail (e.g., [11–14]). Unfortunately, these studies only covered some very basic
fragments of the relation algebra, and a comprehensive study of all relation
algebra fragments has not yet been undertaken.
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Figure 1: The hierarchical structure of an object-oriented design of a container library. In this
design, the nodes represent the individual classes and methods defined in the container library,
while the edges represent Method Of (Method) and Class Inheritance (Class) relationships.

In this work, we carry out such a comprehensive study by investigating the
relative expressive power of fragments of the relation algebra with respect to
both path queries and Boolean queries. Concretely, the basic relation algebra
fragment N () we start from only allows the constants empty-set and identity (∅
and id), edge labels, and the operators composition and union (◦ and ∪). This
fragment allows for basic querying based on navigating alongside the parent-child
axis and corresponds with the first-order fragment of the regular path queries
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(RPQs) [15]. As an example, consider the queries

q1 = Class ◦ Class

q2 = Method ∪ (Class ◦Method).

The query q1 yields pairs of classes (m,n) such that n is a subclass of c while c
is a subclass of m, and the query q2 yields class-method pairs (m,n) such that
n is a method of m or of a subclass of m.

We study how the expressive power changes if we add the remaining relation
algebra constants and operators. This includes adding converse (−1) which en-
ables navigation alongside the child-parent axis, yielding the first-order fragment
of the 2RPQs [16]. As an example, consider the query

q3 = [Class]−1 ◦Method ,

which yields class-method pairs (m,n) such that class m inherits method n from
its superclass. We also add projections (π1 and π2) which enable simultaneous
navigation alongside several branches in the tree, yielding the first-order fragment
of the nested RPQs [17]. We can use the projections to filter and select nodes of
interest. E.g., consider the queries

q4 = π1[Class] ◦Method

q5 = π1[Method ] ◦ π2[Class].

The query q4 yields class-method pairs (m,n) such that n is a method of m, but
only for classes m that have subclasses. The query q5 yields pairs (m,m) such
that m is a class that defines a method and that is a subclass.

As it turns out, the first-order fragments of the RPQs, 2RPQs, and nested
RPQs are rather weak on trees. To increase their expressive power, we consider
adding diversity (di) and intersection (∩). The diversity constant evaluates to
all pairs of distinct nodes and combined with intersection this constant can be
used to, e.g., construct all pairs of distinct siblings. This enables branching
and counting queries, even on unlabeled structures. Consider, for example, the
queries

q6 = ([Class]−1 ◦ Class) ∩ di

q7 = π1[Class ◦ q6].

The query ([Class]−1 ◦ Class) yields pairs of classes (m,n) such that m and n
are subclasses of some class c. Hence, the query q6 yields pairs of classes (m,n)
such that m and n are distinct subclasses of some class c. Finally, the query
q7 yields pairs of classes (c, c) such that c has at-least two distinct subclasses.
In a similar fashion, we can query for classes that have at-least three distinct
subclasses:

q8 = π1[Class ◦ ((q6 ◦ q6) ∩ di)].
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Finally, we study adding negation in the form of coprojections (π1 and π2)
and difference (−), which can be used to filter and select nodes by putting
restrictions on navigation or on the tree structure. E.g., consider the queries

q9 = π2[Class ∪Method ]

q10 = id− π2[Class ∪Method ]

q11 = q2 ◦ π1[(di ∪ id) ◦ q1]

Both queries q9 and q10 yield pairs (n, n) such that n cannot be reached by
following either the Class Inheritance or the Method Of relationships. Hence,
both queries return the root of the tree. Finally, the query q11 yields the result
of q2 whenever query q1 has an empty result and yields ∅ otherwise. Hence, in
trees in which no class is a subclass of a subclass, q11 returns class-method pairs
(m,n) such that n is a method of m or of a sublcass of m.

Unfortunately, the relative simplicity of the tree data model turns out to
be a curse rather than a blessing: compared to the graph data model [10, 18–
20], this simplicity makes it much more difficult to establish separation results
using strong brute-force methods. Indeed, one can show that many separation
results that can be proven via brute-force results on graphs, cannot be proven
via brute-force results on trees. Consequently, the study on trees forces us to
search for deeper methods to reach our goals. Therefore, we believe that our
study not only gives insight in the expressive power of the relation algebra and
its fragments on trees, but also contributes to a better understanding of the
fundamental differences between graph data models and tree data models.

The main contribution presented in this paper is the introduction of several
properties that can be used to categorize relation algebra fragments according
to their expressive power, even with respect to Boolean queries. This in turn
yields four major types of separation results on trees. We have summarized
these major types in Figure 3. Next, we explore each of these major types of
separation results:

Recognizing branches and siblings. The language N () can only query trees by
navigating alongside a single path from ancestor to descendant. Consequently,
no query in N () can distinguish between chains (trees that consist of a single
branch from a root to a single leaf) and trees. Other query languages support
recognizing branching up to a certain degree, and we can classify these languages
accordingly. E.g., queries q6 and q7 illustrate how to use ∩ and di to recognize
branching within trees.

To better characterize the ability to recognize branching, we introduce a
notion called k-subtree reduction in Section 3. Languages that are closed under k-
subtree-reduction steps allow the removal of a child of a node that is structurally
equivalent to at least k other children of that node without changing the outcome
of Boolean queries. First, we show that the query languages N (F) (the languages
to which the operators in F are added), F ⊆ {−1, π, π,∩}, are all 1-subtree-
reducible and, consequently, can only recognize siblings if they are not structurally
equivalent. In very limited circumstances, di can be used to recognize branching.
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E.g., the query

q12 = Class ◦ di ◦ di ◦ Class

will have an empty result on a two-node tree that contains a single Class-labeled
edge (Figure 2, left), but will not have an empty result if we add another outgoing
Class-labeled edge to the root (Figure 2, right). Hence, any language N (F) with
di ∈ F is not 1-subtree reducible and can express queries not expressible in
N (−1, π, π,∩).
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Figure 2: Two trees that can be distinguished by counting the number of children the root has.

Next, we show that query languages N (F) with di ∈ F, but without ∩,− /∈ F

are 2-subtree-reducible. Finally the full relation algebra is 3-subtree-reducible,
and, as illustrated by example queries q6 and q7, the query languages N (F) with
either {−1,−} ⊆ F or {di,∩} ⊆ F can already distinguish between nodes that
have one, two, or at least three structurally equivalent children.

Local queries versus non-local queries. Queries in N (F) with F ⊆ {−1, π, π,∩,−}
yield node pairs (m,n) such that one can navigate between m and n by traversing
a number of edges, with the number depending only on the length of the query.
Hence, we call these query languages local. Diversity (di) is intrinsically non-local.
From this observation, it follows that languages with diversity are not path-
equivalent to local query languages. This can be strengthened towards Boolean
inequivalence, as diversity can, in many cases, be used to express non-local
properties on which trees and chains can be distinguished. E.g., the query

q13 = Class ◦Method ◦ di ◦ Class ◦ Class

will yield a result whenever there is a subclass in the tree with a method and
there is a subclass in the three with a subclass.

We do so in Section 4 by exploiting the fact that many properties on which
trees and chains can be distinguished are non-local and rely on a limited form of
counting. A simple example of this are chain queries of the form “are there k
edges in the chain labeled with edge label `”.

Downward queries versus non-downward queries. Queries in N (F) with F ⊆
{π, π,∩,−} yield node pairs (m,n) such that one can navigate from m to n
by traversing along a sequence of parent-child axes, e.g., the queries q1, q2, q4,
q5, q9, and q10. We call these query languages downward [12, 13]. We observe
that these downward query languages are all 1-subtree-reducible, which puts
an upper bound on their expressive power. Queries that use diversity (di) and
converse (−1) are non-downward in nature, e.g., the queries q3, q6, q7, q8, q11,
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q12, and q13. Based on this observation, it follows that languages with diversity
or converse are not path-equivalent to downward query languages. For Boolean
queries, this is not always the case, as we identify several cases in which adding
converse to downward languages does not add expressive power.

Monotonicity. A query language is monotone if, for every query q, every graph
G, and every graph G′ obtained by adding nodes and edges to G, the result of
evaluating query q on G is contained in the result of evaluating q on G′. Take,
e.g., the query q1 that yields pairs of classes (m,n) such that n is a subclass of a
subclass of m. Any existing subclass-of-subclass pairs remain valid whenever we
add new information to the tree, making this query monotone. The example
query q9, which returns the root class in the tree, is not monotone, however, as
the addition of a parent class of the current root will invalidate the current root.

One the one hand, one can show that the query language N (di,−1, π,∩) is
monotone [12, 13]. On the other hand, the query languages N (F) with π ∈ F

(or with sufficient operators in F to express π) are non-monotone. For example,
we only need coprojections to construct a Boolean query that puts an upper
bound on the length of a chain. E.g., the query

q14 = π2[Class] ◦ Class ◦ Class ◦ Class ◦ π1[Class]

will return a non-empty result if and only if there is a path of length three from
the root class to a class without subclasses. Such queries are not monotone and
consequently not expressible in N (di,−1, π,∩).

In Figure 3, we visualize the above categorization, which yields an initial
classification of the expressive power of the query languages we study on trees.
It does not provide all details, however, which we will start to unravel in this
paper, mainly in Sections 3 and 4. For an index on how specific results are
proven, we refer the reader to Figure 18.

The remaining separation results are obtained through brute-force methods,
and are presented in Section 5. Besides separation results, we also establish
collapse results in this paper. In Section 6, we obtain these by introducing a
notion called condition tree queries for the local relation algebra fragments. They
prove to be a powerful tool to show that intersection never adds expressive power
beyond the ability to express projections. We also use this tool to establish
limitations on the expressive power of projections in Boolean queries.

To further strengthen our results and improve our understanding of both
graph querying using Tarski’s relation algebra and the tree data model, we have
proven each separation result on the simplest data model for which the separation
hold (e.g., unlabeled trees or labeled chains). Additionally, in Section 7, we
augmented the relation algebra fragments we study with the Kleene-star operator,
which is frequently added to practical graph query languages based on the relation
algebra, such as the RPQs, 2RPQs, and nested RPQs [15, 16, 21, 22]. For the
Kleene-star, we have identified all cases in which adding this non-first-order-
definable operator adds expressive power.
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Figure 3: Initial classification of the relative expressive power of fragments of the relation
algebra with respect to path queries on labeled trees. In each box, the largest fragment(s) that
satisfy the classification of that particular box are included. The more to the right and to the
top a certain box is situated, the stronger the expressiveness of the corresponding fragment(s)
become.

What remains open is whether adding difference to the fragments containing
diversity, coprojections (and hence also projections), and intersection yields a
collapse or separation, even in the presence of converse. We argue that this
a very challenging open case, and we consider identifying it as the last major
contribution of this paper. We discuss this open case in Section 9, in which we
also discuss other directions for future research.

This is a revised and extended version of Hellings et al. [1]. Not only did we
add full proofs, we also added a complete study of unlabeled trees, for which we
find several interesting collapses not present in the labeled case. Additionally,
we added a study of the transitive closure operator, for which a collapse result
is obtained using subtree-reductions. Finally, where possible, our separation
results have been proven on chains, strengthening previous results.

2. Preliminaries1

Before we introduce query languages to help express indirect relationships,
we formalize the graph data model used in this work. We use an edge-labeled
graph data model :2

Definition 2.1. A graph is a triple G = (V,Σ,E), with V a finite set of nodes,
Σ a finite set of edge labels, and E : Σ→ 2V×V a function mapping edge labels

1Our formalization of graphs, the relation algebra, and equivalence notions is adapted from
concepts used by Fletcher et al. [18, 19].

2Various node-labeled graph data models are frequently used in the setting of XML data (see,
e.g., [11, 14]). The results presented in this work can easily be adapted to these node-labeled
graph data models.
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to edge relations. A graph is unlabeled if |Σ| = 1. We use E to refer to the union
of all edge relations, and, when the graph is unlabeled, to the single edge relation.
It is said that edge (m,n) ∈ E is an outgoing edge of m and an incoming edge of
n. A tree T = (V,Σ,E) is a connected acyclic graph in which exactly one node,
the root, has no incoming edges, and all other nodes have exactly one incoming
edge. If (m,n) is an edge in T , then node m is the parent of node n and node n
is a child of node m. A chain is a tree in which all nodes have at most one child.

A path of length k is a sequence n1 `1 n2 · · · `k nk+1 with n1, . . . , nk+1 ∈ V,
`1, . . . , `k ∈ Σ, and, for all 1 ≤ i ≤ k, (ni, ni+1) ∈ E (`j). Given a tree,
and disregarding the direction of its edges, the distance between two nodes is
the length of the unique shortest path between them. We write ‖m ↔ n‖T
to denote the distance between nodes m and n in tree T . In general, the
unique shortest path between m and n consists of a sequence of upward child-
to-parent edges followed by a sequence of downward parent-to-child edges. If
one of the nodes is an ancestor of the other, then the unique shortest path
between m and n is directed. We define the directed distance, denoted by
‖m → n‖T , as ‖m → n‖T = ‖m ↔ n‖T if m is an ancestor of n and as
‖m → n‖T = −‖m ↔ n‖T if n is an ancestor of m. Finally, the depth of tree
T , denoted by depth(T ), is the maximum distance of the root node to any leaf
node.

In our setting, a query q maps a graph to a set of node tuples. We write
[[q]]G to denote the evaluation of q on graph G. We can interpret a query q
literally as a path query, or, alternatively, as a Boolean query, in which case true

stands for [[q]]T 6= ∅. For simplicity, we assume that queries always yield binary
relations (sets of node-pairs, [[q]]G ⊆ V × V). From this perspective, queries that
in spirit return nodes will return pairs of identical nodes. Therefore, we refer
to queries expressed by relation algebra expressions whose output is a subset of
{(n, n) | n ∈ V} as node expressions.

In this paper, we limit our study to queries on trees and chains.

Definition 2.2. The relation algebra is defined by the grammar

e := ∅ | id | di | ` | [e]−1 | πj [e] | πj [e] | e ◦ e | e ∪ e | e ∩ e | e− e,

in which ` ∈ Σ and j ∈ {1, 2}. Let T = (V,Σ,E) be a tree and let e be an
expression. The semantics of evaluation is defined as follows:

[[∅]]T = ∅;
[[id]]T = {(m,m) | m ∈ V};
[[di]]T = {(m,n) | m,n ∈ V ∧m 6= n};
[[`]]T = E (`) ;

[[[e]−1]]T = {(n,m) | (m,n) ∈ [[e]]T };
[[π1[e]]]T = {(m,m) | (m,n) ∈ [[e]]T };
[[π2[e]]]T = {(n, n) | (m,n) ∈ [[e]]T };
[[πj [e]]]T = [[id]]T − [[πj [e]]]T ;
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Figure 4: A labeled tree that matches π1[`] ◦ ` ◦ π1[`] ◦ ` exactly.

[[e1 ◦ e2]]T = {(m,n) | ∃z (m, z) ∈ [[e1]]T ∧ (z, n) ∈ [[e2]]T };
[[e1 ∪ e2]]T = [[e1]]T ∪ [[e2]]T ;

[[e1 ∩ e2]]T = [[e1]]T ∩ [[e2]]T ;

[[e1 − e2]]T = [[e1]]T − [[e2]]T .

In line with Definition 2.1, we write E to denote the relation algebra expression
obtained by taking the union of all edge labels in Σ.

For structural induction purposes, we defined the length of an expression
recursively with the base cases length(e) = 1 whenever e is of the form ∅, id,
di, or ` ∈ Σ, the recursive cases length(e) = length(e′) + 1 if e is of the form
[e′]−1, πj [e

′], or πj [e
′], j ∈ {1, 2}, and, finally, the recursive cases length(e) =

max(length(e1), length(e2)) + 1 if e is of the form e1 ◦ e2, e1 ∪ e2, e1 ∩ e2, or
e1 − e2.

One can push converse operators (−1) downwards in expressions. Hence, to
simplify proofs in this work, we frequently assume that the usage of converse is
always restricted to edge labels, i.e., [`]−1, ` ∈ Σ. Likewise, one can pull union
operators (∪) upwards in expressions. This allows us to assume that expressions
are written as unions of ∪-free expressions.

Example 2.3. Consider the labeled tree in Figure 4. The expression e = π1[`] ◦
` ◦π1[`] ◦ ` matches this tree structure, and will return the node pair (m,n). The
expressions ([`]−1 ◦ `)∩ di and ([`]−1 ◦ `)− id both return pairs of siblings in the
tree.

Let e be an expression and k an integer. We write

ek =


e ◦ ek−1 if k > 0;

id if k = 0;

[e]−1 ◦ ek+1 if k < 0.

Hence, ek, k > 0, denotes the k-fold composition of e and e−k denotes its
converse. We use [E ]+ to denote the descendant-axis defined by [E ]+ =

⋃
k>0 Ek,

and [[E ]−1]+ to denote the ancestor-axis defined by [[E ]−1]+ =
⋃
k>0 E−k.

We write F ⊆ {di,−1, π, π,∩,−} to denote a set of operators in which π
represents both π1 and π2 and, likewise, π represents both π1 and π2. By N (F)
we denote the fragment of the relation algebra that only allows ∅, id, ` ∈ Σ,
◦, ∪, and all operators in F. In this work, we primarily study the expressive
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power of the relation algebra and its fragments. To do so, we introduce the
appropriate equivalence notions. We consider two such notions: path equivalence
and Boolean equivalence.

Definition 2.4. Let q1 and q2 be queries and let G be a class of graphs (e.g.,
labeled graphs, unlabeled graphs, labeled trees, unlabeled trees, labeled chains,
or unlabeled chains). We say that q1 and q2 are path-equivalent on G, denoted
by q1 ≡path,G q2, if, for every graph G ∈ G, [[q1]]G = [[q2]]G and are Boolean-

equivalent on G, denoted by q1 ≡bool,G q2, if, for every graph G ∈ G, [[q1]]G = ∅
if and only if [[q2]]G = ∅.

Whenever the class of graphs G is clear from the context, we simply write
q1 ≡path q2 and q1 ≡bool q2 to denote path-equivalence and Boolean-equivalence
on G, respectively.

Expressions that are path-equivalent are also Boolean-equivalent, but the
reverse is generally not true:

Example 2.5. The equivalence e1∩e2 ≡path e1−(e1−e2) on graphs is well-known.
Hence, also e1 ∩ e2 ≡bool e1 − (e1 − e2). On graphs, we also have π1[`] ≡bool

` ≡bool π2[`], but even on chains we have π1[`] 6≡path ` and ` 6≡path π2[`]. Finally,
let e = π1[`] ◦ ` ◦ π1[`] ◦ ` be the expression e from Example 2.3. On trees, we
have e ≡path ` ◦ [`]−1 ◦ ` ◦ ` ◦ [`]−1 ◦ `. This is no longer true on general graphs,
however.

The equivalence notions introduced extend naturally to subsumption and
equivalence notions between classes of expressions.

Definition 2.6. Let sem ∈ {path,bool} and let G be a class of graphs (e.g.,
labeled graphs, unlabeled graphs, labeled trees, unlabeled trees, labeled chains,
or unlabeled chains). We say that the class of queries L1 is sem-subsumed by
the class of queries L2 on G, denoted by L1 �sem,G L2, if every query in L1 is
sem-equivalent on G to a query in L2. Hence,

L1 �sem,G L2 if and only if ∀q1 in L1 ∃q2 in L2 q1 ≡sem,G q2.

We say that the classes of queries L1 and L2 are sem-equivalent on G, denoted
by L1 ≡sem,G L2, if L1 �sem,G L2 and L2 �sem,G L1.

Whenever the class of graphs G is clear from the context, we simply write
L1 �sem L2 and L1 ≡sem L2 to denote sem-subsumption and sem-equivalence
on G, respectively.

If expressions in one language are always part of another language, then we
obviously have path-subsumption:

Example 2.7. On general graphs, we have N (−1, π) �path N (−1, π,∩) as every
expression in N (−1, π) is an expression in N (−1, π,∩). Now consider a language
N (F) with − ∈ F. As illustrated in Example 2.5, we can express the operator ∩
using only −. Hence, we have N (F) ≡path N (F − {∩}) as well.
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Examples 2.5 and 2.7 illustrate that several fragments of the relation algebra
can express exactly the same set of queries: if, for example, intersection is
missing from a fragment that has difference, then difference can be used instead
to express intersection. We observe that the following rewrite rules can be used
to express operators using other operators:

π1[e] = π2[[e]−1] = πj [π1[e]] = (e ◦ [e]−1) ∩ id = (e ◦ (id ∪ di)) ∩ id;

π2[e] = π1[[e]−1] = πj [π2[e]] = ([e]−1 ◦ e) ∩ id = ((id ∪ di) ◦ e) ∩ id;

π1[e] = π2[[e]−1] = id− π1[e];

π2[e] = π1[[e]−1] = id− π2[e];

e1 ∩ e2 = e1 − (e1 − e2),

with j ∈ {1, 2}. Let F ⊆ {di,−1, π, π,∩,−}. By F we denote the set of operators
obtained from F by adding operators to F that can be expressed using the
operators already in F using the above rules.

As an alternative to the relation algebra, we can also consider arbitrary
first-order logic formulae to specify graph queries. Let G = (V,Σ,E) be a graph
with Σ = {`1, . . . , `|Σ|}. We write FO[k] to denote the first-order logic over the
structure (V; `1, . . . , `|Σ|) in which `i, 1 ≤ i ≤ |Σ|, represents the edge relation
E (`i), and in which variables are restricted to a set of at most k variables. By
Lk∞ω, we denote the standard infinitary first-order logic extension of FO[k] that
allows conjunctions and disjunctions over arbitrary sets [23–25].

3. Detecting branches and subtree-reductions

The obvious way to detect whether or not a tree is a chain is by checking
whether some node has several children. This is particularly easy when these
children are connected to their parent using distinct edge labels. Hellings et
al. [13] already showed that only the most basic language is not capable of
detecting labeled branching. In contrast, most other languages are able to detect
labeled branching:

Example 3.1 (Hellings et al. [13, Proposition 3.6]). Consider the expressions
e1 = [`1]−1 ◦ `2 and e2 = π1[`1] ◦ π1[`2]. For any tree T , we have [[e1]]T 6= ∅ and
[[e2]]T 6= ∅ if and only if T has a node with at least two children, one reachable
via an edge labeled `1 and another via an edge labeled `2.

Detecting branches in the situation above, where a single node has several
structurally distinct branches, is relatively simple. This changes when branches
are structurally identical. As a first step towards our goal of identifying language
fragments in which structurally identical branches can be distinguished, we take
advantage of the simple structure of trees to exhibit limitations on the expressive
power of relation algebra fragments. Thereto, we introduce subtree-reductions.

Let k > 0. A k-subtree-reduction step on tree T = (V,Σ,E) consists of first
finding different nodes m,n1, . . . , nk+1 ∈ V and an edge label ` ∈ Σ such that
the subtrees rooted at n1, . . . , nk+1 are isomorphic and (m,n1), . . . , (m,nk+1) ∈

11



T1: T2: T3:

Figure 5: The tree T1 representing a chain (left), tree T2 (middle), and tree T3 (right), which
can be distinguished by counting the number of children of the root in these trees.

E (`), and then picking a node ni, 1 ≤ i ≤ k + 1, and removing the subtree
rooted at ni.

Definition 3.2. We say that a tree is k-subtree-reducible if we can apply a
k-subtree-reduction step.3

Example 3.3. Consider the unlabeled trees T1, T2, and T3 in Figure 5. The tree
T1 can be obtained by a 1-subtree-reduction step on T2 and T2 can be obtained
by a 2-subtree-reduction step on T3. Consequently, T1 can also be obtained by
two 1-subtree-reduction steps on T3. Hence, T2 is 1-subtree-reducible and T3 is
1-subtree-reducible and 2-subtree-reducible.

We now exhibit conditions under which the result of a relation algebra
expression is invariant under subtree-reductions at the Boolean level. First, we
conclude the following:

Lemma 3.4. Let T be a tree and let T ′ be obtained from T by a k-subtree-
reduction step. For every query q in Lk∞ω, we have [[q]]T 6= ∅ if and only if
[[q]]T ′ 6= ∅.

Proof. To prove this lemma, we only have to show that the duplicator has
a winning strategy in any k-pebble game played on T and T ′ [24, Theorem
3.7]. Let T = (V,Σ,E) and consider the k-subtree-reduction step that resulted
in T ′ = (V ′,Σ,E′). This k-subtree-reduction step operated on node m ∈ V
with children n1, . . . , nk+1 ∈ V such that the subtrees rooted at n1, . . . , nk+1

are isomorphic and (m,n1), . . . , (m,nk+1) ∈ E (`) for some edge label ` ∈ Σ.
Without loss of generality, we may assume that the subtree rooted at nk+1 was
removed to obtain T ′. Hence, if V|nk+1

are the nodes in the subtree rooted at
nk+1, then V ′ = V − V|nk+1

and, for all `′ ∈ Σ, E′(`′) = E(`′)− (V × V|nk+1
).

Now consider any k-pebble game played on T and T ′. Trees T and T ′ only
differ in the subtrees isomorphic to the subtree rooted at n1: T has at-least k+ 1
such subtrees reachable via an edge label ` from node m, whereas T ′ has at-least
k such subtrees reachable via an edge label ` from node m. Whenever the spoiler
places a pebble on a node outside the subtrees rooted at n1, . . . , nk+1 in either T

3The 1-subtree-reduction step bears a close relationship to the F+B-index and the F&B-
index used for indexing the structure of tree data [26]. As with the F+B-index, the 1-subtree-
reduction steps will only merge child nodes when both the forward structure (subtrees rooted
at the children) and backward structure (children of a single parent) “behave equivalently” (in
the sense that merged nodes allow the same edge-based navigation). The k-subtree-reduction
step, k > 1, generalizes the principles of the F+B- and F&B-indices by not only taking into
account forward and backward structure, but also taking into account how often (up-to-k) the
forward structures occur.
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or T ′, the duplicator can match this play in the other tree structure. For plays
within the subtrees rooted at n1, . . . nk+1 in either T or T ′, we observe that
only k pebbles of the spoiler are in play. Hence, at most k subtrees rooted at
n1, . . . nk+1 in T or T ′ have pebbles of the spoiler in them, and the duplicator can
always maintain a one-to-one correspondence between the at-most-k subtrees in
T or T ′ that have pebbles of the spoiler in them. To respond by any plays of the
spoiler within the subtrees rooted at n1, . . . nk+1 in either T or T ′, the duplicator
simply plays in accordance with this one-to-one correspondence between trees
and matches this play in the other tree structure.

It is well known that N (di,−1, π, π,∩,−) �path FO[3] [10, 20]. By a result
of Hellings et al. [27, Theorem 6.1], we also have N (di,−1, π, π) �bool FO[2].
Combining this with Lemma 3.4 yields the following:

Proposition 3.5. Let F ⊆ {di,−1, π, π,∩,−}, let e be an expression in N (F),
let T be a tree, and let T ′ be obtained from T by a k-subtree-reduction step.

1. If k ≥ 3, then [[e]]T 6= ∅ if and only if [[e]]T ′ 6= ∅.
2. If k ≥ 2 and ∩ /∈ F, then [[e]]T 6= ∅ if and only if [[e]]T ′ 6= ∅.

For 1-subtree-reduction steps, we can further strengthen Proposition 3.5:

Proposition 3.6. Let F ⊆ {−1, π, π,∩}, let e be an expression in N (F), let T
be a tree, and let T ′ be obtained from T by a 1-subtree-reduction step. We have
[[e]]T 6= ∅ if and only if [[e]]T ′ 6= ∅.

Proof. Let T = (V,Σ,E), let T ′ = (V ′,Σ′,E′), and let n1, n2 ∈ V be siblings in
T such that the subtrees rooted at n1 and n2 are isomorphic and T ′ is obtained
from T by eliminating the subtree rooted at n2. Let V1 and V2 be the sets of
nodes in the subtrees of T rooted at n1 and n2, respectively, and let b : V1 → V2

be the bijection establishing that these subtrees are isomorphic. Let g be the
identity on V − (V1 ∪ V2), and let f = b ∪ b−1 ∪ g. Since f is an automorphism
of T , we have

(1) if m,n ∈ V, then (m,n) ∈ [[e]]T if and only if (f(m), f(n)) ∈ [[e]]T .

By induction on the length of e, we next prove that we have, in addition,

(2) if m ∈ V1, n ∈ V2 or m ∈ V2, n ∈ V1, then (m,n) ∈ [[e]]T implies
(f(m), n) ∈ [[e]]T ;

(3) if m,n ∈ V ′, then (m,n) ∈ [[e]]T if and only if (m,n) ∈ [[e]]T ′ .

Observe that f = f−1. Hence, Property (2) also yields (m,n) ∈ [[e]]T
implies (m, f(n)) ∈ [[e]]T . The base cases are expressions of the form ∅, id, `,
and [`]−1, with ` an edge label, for which it is straightforward to verify that
the Properties (2) and (3) hold. Now assume that the Properties hold for all
expressions e of length at most i. Let e be an expression of length i + 1. We
distinguish the following cases:

i. e = π1[e′], Property (2). We have (m,n) ∈ [[e]]T only if m = n. Hence, the
premise of Property (2) is not applicable to e in this case, and we conclude
that the Property holds voidly.
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ii. e = π1[e′], Property (3). We assume m,n ∈ V ′. If (m,n) ∈ [[e]]T , then
m = n and, for all z ∈ V, (m, z) /∈ [[e′]]T . In particular, this is the case for
all z ∈ V ′. By applying Property (3) on e′, we obtain (m, z) /∈ [[e′]]T ′ for
all z. Hence, we conclude (m,n) ∈ [[e]]T ′ .
If (m,n) ∈ [[e]]T ′ , then m = n and, for all z′ ∈ V, (m, z′) /∈ [[e′]]T ′ . By
applying Property (3) on e′, we obtain (m, z′) /∈ [[e′]]T for all z′ ∈ V ′.
Let z′′ /∈ V ′. Hence, z′′ ∈ V2, f(z′′) ∈ V ′, and (m, f(z′′)) /∈ [[e′]]T . If
m ∈ V1, then we apply Property (2) on e′ to obtain (m, z′′) ∈ [[e′]]T
implies (m, f(z′′)) ∈ [[e′]]T . Else, if m /∈ V1, then f(m) = m and we apply
Property (1) on e′ to obtain (m, z′′) ∈ [[e′]]T implies (m, f(z′′)) ∈ [[e′]]T .
Hence, in both cases, (m, z′′) /∈ [[e′]]T must hold. We conclude (m,n) ∈
[[e]]T .

iii. e = e1 ◦ e2, Property (2). We assume m ∈ V1, n ∈ V2. The case for
m ∈ V2, n ∈ V1 is analogous. We have (m,n) ∈ [[e]]T if there exists z such
that (m, z) ∈ [[e1]]T and (z, n) ∈ [[e2]]T . We distinguish three cases.
(a) z ∈ V1. We apply Property (1) on e1 and Property (2) on e2 to obtain

(f(m), f(z)) ∈ [[e1]]T and (f(z), n) ∈ [[e2]]T . Hence, (f(m), n) ∈ [[e]]T .
(b) z ∈ V2. We apply Property (2) on e1 to obtain (f(m), z) ∈ [[e1]]T .

Hence, (f(m), n) ∈ [[e]]T .
(c) z /∈ V1 and z /∈ V2. We have f(z) = z and we apply Property (1) on

e1 to obtain (f(m), z) ∈ [[e1]]T . Hence, (f(m), n) ∈ [[e]]T .
iv. e = e1 ◦ e2, Property (3). We assume m,n ∈ V ′. If (m,n) ∈ [[e]]T , then

there exists z ∈ V such that (m, z) ∈ [[e1]]T and (z, n) ∈ [[e2]]T . If z ∈ V ′,
then we apply Property (3) on e1 and e2 to obtain (m, z) ∈ [[e1]]T ′ and
(z, n) ∈ [[e2]]T ′ . Hence, (m,n) ∈ [[e]]T ′ . If z /∈ V ′, then z ∈ V2 and
f(z) ∈ V ′. If, additionally, m ∈ V1, then we apply Property (2) on e1 to
obtain (m, f(z)) ∈ [[e1]]T . Else, if m /∈ V1, then f(m) = m and we apply
Property (1) on e1 to obtain (m, f(z)) ∈ [[e1]]T . Likewise, we can also
obtain (f(z), n) ∈ [[e2]]T . We apply Property (3) on e1 and e2 to obtain
(m, f(z)) ∈ [[e1]]T ′ and (f(z), n) ∈ [[e2]]T ′ . Hence, (m,n) ∈ [[e]]T ′ .
If (m,n) ∈ [[e]]T ′ , then there exists z′ ∈ V ′ such that (m, z′) ∈ [[e1]]T ′

and (z′, n) ∈ [[e2]]T ′ . By applying Property (3) on e1 and e2, we obtain
(m, z′) ∈ [[e1]]T , (z′, n) ∈ [[e2]]T , and we conclude (m,n) ∈ [[e]]T .

v. e = e1 ∪ e2, Property (2). We assume m ∈ V1, n ∈ V2. The case for
m ∈ V2, n ∈ V1 is analogous. We have (m,n) ∈ [[e]]T if (m,n) ∈ [[e1]]T or
(m,n) ∈ [[e2]]T . We apply Property (2) on e1 and e2 to obtain (f(m), n) ∈
[[e1]]T or (f(m), n) ∈ [[e2]]T . Hence, we conclude (f(m), n) ∈ [[e]]T .

vi. e = e1 ∪ e2, Property (3). We assume m,n ∈ V ′. We have (m,n) ∈ [[e]]T
if and only if (m,n) ∈ [[e1]]T or (m,n) ∈ [[e2]]T . By applying Property (3)
on e1 and e2, we have (m,n) ∈ [[e1]]T or (m,n) ∈ [[e2]]T if and only if
(m,n) ∈ [[e1]]T ′ or (m,n) ∈ [[e2]]T ′ . Hence, we conclude (m,n) ∈ [[e]]T if
and only if (m,n) ∈ [[e]]T ′ .

The case for e = e1 ∩ e2 is analogous to the case for e = e1 ∪ e2 by replacing
“or” by “and”. The case for e = π1[e′] can be obtained by rewriting π1[e′] to
π1[π1[e′]]. The cases for e = π2[e′] and e = π2[e′] are analogous to e = π1[e′]
and e = π1[e′], respectively, completing our proof.
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From the limitations imposed by Proposition 3.5 and Proposition 3.6 on the
expressive power of the fragments considered, we deduce the following separation
results:

Proposition 3.7. Let F1,F2 ⊆ {di,−1, π, π,∩} with di /∈ F1 and ∩ /∈ F2.
Already on unlabeled trees, we have

1. N (di) �bool N (F1) and N (−1,−) �bool N (F1) and
2. N (di,∩) �bool N (F2) and N (−1,−) �bool N (F2).

Proof. Consider the unlabeled trees T1, T2, and T3 in Example 3.3. Since T1 can
be obtained by a 1-subtree-reduction on T2, we have, by Proposition 3.6, that,
for every e in N (F1), [[e]]T2 6= ∅ ⇐⇒ [[e]]T1 6= ∅. Now consider the expressions
e1 = ` ◦ di ◦ di ◦ ` in N (di) and e2 = ([`]−1 ◦ `) − id in N (−1,−). We have
[[e1]]T2 6= ∅ and [[e2]]T2 6= ∅, while [[e1]]T1 = [[e2]]T1 = ∅.

Since T2 can be obtained by a 2-subtree-reduction on T3, we have, by Propo-
sition 3.5(2), that, for every e in N (F2), [[e]]T3 6= ∅ ⇐⇒ [[e]]T2 6= ∅. Now
consider the expressions e3 = (((di ◦ `)∩ di) ◦ ((di ◦ `)∩ di))∩ di in N (di,∩) and
e4 = ((([`]−1 ◦ `)− id) ◦ (([`]−1 ◦ `)− id))− id in N (−1,−). We have [[e3]]T3 6= ∅
and [[e4]]T3 6= ∅, while [[e3]]T2 = [[e4]]T2 = ∅.

The proof of Proposition 3.7 relies on languages being able to distinguish
two or three structurally equivalent children of a node. To do so, the proof
uses expressions in the smallest language fragments possible that are k-subtree-
reducible but not k − 1-subtree-reducible, k ∈ {2, 3}. Hence, the classification
provided in Proposition 3.7 is, in a sense, strict.

4. The power of diversity

Relation algebra expressions that do not utilize diversity can only inspect a
local neighborhood around a given node. To study this in more detail, we first
define the notion of locality:

Definition 4.1. A query q is local if there exists k ≥ 0 such that, for every tree
T , and for all nodes m and n, (m,n) ∈ [[q]]T if and only if (m,n) ∈ [[q]]T ′ , with
T ′ the smallest subtree of T containing all nodes at distance at most k from the
nearest common ancestor of m and n.

Note that local queries can only inspect distinct parts of a tree if they can
navigate between these parts via a fixed number of edge steps (independent of
the size of the tree). As such, our notion of locality is much more restrictive than
typical notions of locality for first-order logic, e.g., Hanf-locality and Gaifman-
locality [23]. A straightforward induction on the length of expressions yields the
following:

Proposition 4.2. Let F ⊆ {−1, π, π,∩,−}. Every expression in N (F) is local.

The query di is not local. Combined with Proposition 4.2, we derive

Corollary 4.3. Let F ⊆ {−1, π, π,∩,−}. Already on unlabeled chains, we have
N (di) �path N (F).
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C: ``` `′`′`′

C1:
`` `′`′

C2:
` `′`′

Figure 6: The chain C (top) can be distinguished from C1 (middle) and C2 (bottom) by detecting
the presence of the patterns `′ ◦ ` ◦ `′ and `′ ◦ ` ◦ ` ◦ `′. The symbol represents a path
of x edges, which can be used to make the paths sufficiently long for non-locality arguments.
See the proof of Proposition 4.4 for details.

4.1. Adding diversity to local query languages

As already noticed, diversity always adds power to a local relation alge-
bra fragment at the path level, as it can construct non-local relation algebra
expressions. We can also use this property to our advantage to prove that
diversity often adds expressive power at the Boolean level, too. To show this,
we strengthen Corollary 4.3:

Proposition 4.4. Let F ⊆ {−1, π, π,∩,−}. Already on labeled chains, we have
N (di) �bool N (F).

Proof. Consider the expression e = `′ ◦ ` ◦ `′ ◦ di ◦ `′ ◦ ` ◦ ` ◦ `′ and the chains
C, C1, and C2 of Figure 6. Independent of the length of the chains C, C1, and
C2, we have [[e]]C 6= ∅, [[e]]C1 = ∅, and [[e]]C2 = ∅. Now, assume there exists an
expression e′ in N (F) with e ≡bool e

′. By Proposition 4.2, e′ is local. Hence,
we know there exists k ≥ 0 such that e′ satisfies Definition 4.1. Consider the
chains C, C1, and C2 of Figure 6 with x > k. Notice that every subchain of C
containing all nodes at distance at most k from some given node is isomorphic
to some subchain of either C1 or C2 of length at most 2k. Hence, (m,n) ∈ [[e′]]C
implies either [[e′]]C1 6= ∅, [[e′]]C2 6= ∅, or both, contradicting e ≡bool e

′. Hence,
no expression in N (F) is Boolean-equivalent to e.

Next, we use the above techniques to prove a similar result for unlabeled
trees:

Proposition 4.5. Let F ⊆ {−1, π, π,∩,−}. Already on unlabeled trees, we have
N (di,∩) �bool N (F).

Proof. Observe that {di,∩} = {di, π,∩} and consider the expression e = P2,¬r ◦
di ◦ P2,¬r with

P2,¬r = π2[E ] ◦ P2;

P2 = π1[S2];

S2 = (E ◦ di) ∩ E .

The expression e is in N (di, π,∩) and selects node pairs among distinct non-root
nodes such that each node in the pair has at least two distinct children. Now,
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T :

r

T ′:

r′

Figure 7: The trees T (left) and T ′ (right) can be distinguished by counting the number of
non-root nodes that have two children, a non-local property. The symbol represents
a path of x edges, which can be used to make the paths sufficiently long for non-locality
arguments. See the proof of Proposition 4.5 for details.

assume there exists an expression e′ in N (F) such that e ≡bool e
′. Since e′ is

local, we know there exists k ≥ 0 such that e′ satisfies Definition 4.1. Consider
the trees T and T ′ of Figure 7 with x = 2k. Clearly, [[e]]T 6= ∅ and [[e]]T ′ = ∅. By
e ≡bool e

′, we must have [[e′]]T 6= ∅. Let (m,n) ∈ [[e′]]T . Since every subtree of
T containing all nodes at distance at most k from some given node is contained
in a subtree of T that is isomorphic to T ′, we may conclude that [[e′]]T ′ 6= ∅.
However, [[e]]T ′ = ∅, contradicting e ≡bool e

′. Hence, no expression in N (F) is
Boolean-equivalent to e.

4.2. Non-local query languages on chains

The erratic behavior of diversity in the non-local relation algebra fragments
(allowing one to jump from any node to any other node in a tree) makes studying
the expressive power of fragments with diversity inherently difficult. Luckily,
we can obtain several separation results by studying these fragments on chains.
The first set of separation results we prove use locality-based arguments on local
subexpressions of non-local expressions, which allows us to prove limits on the
expressive power of query languages that utilize diversity:

Proposition 4.6. Let F ⊆ {di,−1, π, π,∩,−} with {di,−1} ⊆ F or {di, π} ⊆ F.
Already on labeled chains, we have N (F) �bool N (di).

Proof. Consider the path-equivalent expressions

e1 = (` ◦ [`]−1) ◦ di ◦ (` ◦ [`]−1);

e2 = π1[`] ◦ di ◦ π1[`].

The expression e1 is in N (di,−1) and e2 is in N (di, π). Choose e ∈ {e1, e2}. On
the chains C and C′ of Figure 8 we have [[e]]C 6= ∅ and [[e]]C′ = ∅, independent of
x, which will be determined next.

Now, assume there exists an expression e′ in N (di) such that e ≡bool e
′. As

id can always be removed from compositions, we may assume that e′ is a union
of {id,∪}-free expressions.4 Let S be the set of these {id,∪}-free expressions in

4The exception would be the union-free expression id, but S cannot have such an union-free
expression, as we assumed e ≡bool e

′, and have [[e]]C′ = ∅.
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C: `` `′`′`′

C′: ` `′`′`′`′

m2n2n1m1

Figure 8: The chains C (top) and C′ (bottom) can be distinguished by counting the number of
edges labeled with `, a non-local property. The symbol represents a path of x edges,
which can be used to make the paths sufficiently long for non-locality arguments. See the
proof of Proposition 4.6 for details.

e′. Choose x such that, for all s ∈ S, x is larger than the number of compositions
in s.

Let s ∈ S be an expression with [[s]]C 6= ∅. Split s into a sequence of di-free
expressions t1, . . . , tk such that s = t1 ◦di ◦ . . . ◦di ◦ tk. First, we show that every
term tj , 1 ≤ j ≤ k, is of the form `′

y
, with 0 ≤ y < x, or `′

z1 ◦ ` ◦ `′z2 , with
0 ≤ z1 + z2 < x and 0 ≤ z1, z2. We do so by contradiction. We only have to
consider the existence of a subexpressions of the form ` ◦ `′z ◦ `. By construction,
z < x. Hence, [[` ◦ `′z ◦ `]]C = ∅ and [[s]]C = ∅, a contradiction.

Let m1 be the root of C′, m2 be the leaf of C′, and (n1, n2) ∈ [[`]]C′ be the
`-labeled edge in C′ (see Figure 8). By induction on the number of terms t1, . . . , ti
in s, 1 ≤ i ≤ k, we shall prove that [[s]]C′ 6= ∅. The base cases are single-term
expressions t1. If t1 is of the form `′

y
, then there exists a node m′ in C′ with

0 ≤ ‖m1 → m′‖C′ = y < x. Hence, (m1,m
′) ∈ [[t1]]C′ . Else, if t1 is of the form

`′
z1 ◦ ` ◦ `′z2 , then there exists nodes n′1 and n′2 with 0 ≤ ‖n′1 → n1‖C′ = z1 < x

and 0 ≤ ‖n2 → n′2‖C′ = z2 < x. Hence, (n′1, n
′
2) ∈ [[t1]]C′ .

Now assume that, for all subexpressions t1 ◦ di ◦ . . . ◦ di ◦ tj of s with up-to-j
di-free terms, 1 ≤ j < i ≤ k, there exists a pair of nodes v, w with (v, w) ∈
[[t1 ◦ di ◦ . . . ◦ di ◦ tj ]]C′ and either 0 ≤ ‖m1 → w‖C′ < x, 0 ≤ ‖n2 → w‖C′ < x,
or 0 ≤ ‖w → m2‖C′ < x.

Next, we consider the subexpression t1 ◦ di ◦ . . . ◦ di ◦ ti of s with i di-free
terms. Let (v, w) ∈ [[t1 ◦ di ◦ . . . ◦ di ◦ ti−1]]C′ such that v, w satisfy the statement
of the induction hypothesis. Based on the form of ti, we distinguish the following
two cases:

1. If ti is of the form `′
y
, then there exists nodes m′1 and m′2 with 0 ≤ ‖m1 →

m′1‖C′ = y < x and 0 ≤ ‖m′2 → m2‖C′ = y < x. Hence, (m1,m
′
1) ∈ [[ti]]C′

and (m′2,m2) ∈ [[ti]]C′ . Due to the length of C, m′1 6= m′2. Hence, w 6= m′1,
w 6= m′2, or both. Pick m′ ∈ {m′1,m′2} such that w 6= m′. We conclude
(v,m′) ∈ [[t1 ◦ di ◦ . . . ◦ di ◦ ti]]C′ and either 0 ≤ ‖m1 → m′‖C′ < x or
0 ≤ ‖m′ → m2‖C′ < x.

2. Else, if ti is of the form `′
z1 ◦ ` ◦ `′z2 , then there exists nodes n′1 and n′2

with 0 ≤ ‖n′1 → n1‖C′ = z1 < x and 0 ≤ ‖n2 → n′2‖C′ = z2 < x. Hence,
(n′1, n

′
2) ∈ [[ti]]C′ . Due to the length of C′, we must have n′1 6= w and we

conclude (v, n′1) ∈ [[t1 ◦ di ◦ . . . ◦ di ◦ ti]]C′ and 0 ≤ ‖n2 → n′2‖C′ < x.

We conclude [[e′]]C′ 6= ∅, a contradiction. Hence, no expression in N (F) is
Boolean-equivalent to e.
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C: `
m2n2n1m1

`′`′`′`′`′`′

C′: `′`′`′`′`′`′

Figure 9: Chains C (top) and C′ (bottom) can be distinguished by detecting the presence of
an edge labeled `, which is only present in chain C. This property is non-local to most nodes
in the chain, however (e.g., the root and the leaf), as the edge labeled ` is far removed from
these nodes. The symbol represents a path of x edges, which can be used to make the
paths sufficiently long for non-locality arguments. See the proof of Proposition 4.7 for details.

The above techniques can also be used with path queries, as shown next.

Proposition 4.7. Let F ⊆ {di,−1}. Already on labeled chains, we have
N (di,−1, π) �path N (F).

Proof. Consider the expression e = π1[(id∪di)◦`] and chains C and C′ of Figure 9
with nodes m1, m2, n1, and n2 in C as illustrated. We have [[e]]C = [[id]]C and
we have [[e]]C′ = ∅.

Now, assume there exists an expression e′ in N (F) such that e ≡path e
′. As

id can always be removed from compositions, we may assume that e′ is a union
of {id,∪}-free expressions.5 Let S be the set of these {id,∪}-free expressions in
e′. Choose x such that, for all s ∈ S, x is larger than the number of compositions
in s.

Let s ∈ S be an expression with (m1,m1) ∈ [[s]]C. First, we prove by
contradiction that s is not `-free. Therefore, assume that s is `-free and let s′

be the expression obtained from s by replacing di by `′. By construction, we
have [[s′]]C′ ⊆ [[s]]C′ . Observe that s′ is a composition of at-most x terms of the
form `′ and [`′]−1. As chain C′ has a path of at-least x edges labeled with `′, we
conclude [[s′]]C′ 6= ∅, a contradiction. Hence, s is not `-free.

Let s = t1 ◦ . . . ◦ tk, with every ti, 1 ≤ i ≤ k, a term of the form `, [`]−1,
`′, [`′]−1, or di. Let tj , 1 ≤ j ≤ k, be the last term of the form ` or [`]−1.
Observe that ‖m1 → n1‖C = 2x and ‖m1 → n2‖C = 2x+ 1. Hence, at least
one of the terms ti, j < i ≤ k, must be di. Choose ti, j < i ≤ k, to be
the first such term. Let s′′ = t1 ◦ . . . ◦ ti ◦ t′i+1 ◦ . . . ◦ t′k be the expression
obtained from s by replacing all occurrences of di in ti+1 ◦ . . . ◦ tk by `′. By
construction, we have [[t′i+1 ◦ . . . ◦ t′k]]C ⊆ [[ti+1 ◦ . . . ◦ tk]]C . Since t′i+1 ◦ . . . ◦ t′k is
a composition of at-most x− 1 terms of the form `′ and [`′]−1, there must exist
a node m′ with −x < ‖m′ → m2‖C < x such that (m′,m2) ∈ [[t′i+1 ◦ . . . ◦ t′k]]C.
As (m1,m1) ∈ [[s]]C, we must have [[tj ◦ . . . ◦ ti−1]]C 6= ∅. Notice that tj is
of the form ` or [`]−1 and tj+1 ◦ . . . ◦ ti−1 is a composition of at most x − 1
terms of the form `′ and [`′]−1. Hence, if tj is of the form `, then there must
exist a node w with (n1, w) ∈ [[tj ◦ tj+1 ◦ . . . ◦ ti−1]]C and 1 ≤ ‖n1 → w‖C < x.

5The exception would be the union-free expression id, but S cannot have such an union-free
expression, as we assumed e ≡path e

′, and have [[e]]C′ = ∅.
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Otherwise, if tj is of the form [`]−1, then there must exist a node w with
(n2, w) ∈ [[tj ◦ tj+1 ◦ . . . ◦ ti−1]]C and −x < ‖n2 → w‖C ≤ −1. In either case,
we have (m1, w) ∈ [[t1 ◦ . . . ◦ ti−1]]C and, by construction and the length of C,
we have w 6= m′. Hence, (m1,m2) ∈ [[t1 ◦ . . . ◦ ti−1 ◦ di ◦ t′i+1 ◦ . . . ◦ t′k]]C and
we conclude (m1,m2) ∈ [[s]]C , a contradiction. Hence, no expression in N (F) is
path-equivalent to e.

On chains, we have di ≡path [E ]+ ∪ [[E ]−1]+. Hence, on chains diversity can
be expressed using the ancestor axis and the descendant axis, which in turn
allows us to simplify projection terms which contain diversity, as we show next.

Lemma 4.8. Let F ⊆ {di,−1, π} and let πj [e], j ∈ {1, 2}, be an expression in
N (F). There exists a finite set S of expressions of the form π1[Ev] ◦ π2[Ew],
v, w ≥ 0, such that, on unlabeled chains, πj [e] ≡path

⋃
S.

Proof. We have di ≡path [E ]+ ∪ [[E ]−1]+ and we also have π2[e] ≡path π1[[e]−1].
Hence, every projection expression πj [e], j ∈ {1, 2}, can be written as a union of
expressions of the form π1[e′] in which e′ is build over the atoms id, E , [E ]−1,
[E ]+, and [[E ]−1]+, using the operators ◦ and π1. We shall call such expressions
e′ normal in the remainder of this proof. So, it remains to show that Lemma 4.8
holds for expressions π1[e′], with e′ normal. We do this by structural induction
on e′. We have the following base cases:

π1[id] ≡path id ≡path π1[E0] ◦ π2[E0];

π1[E ] ≡path π1[[E ]+] ≡path π1[E1] ◦ π2[E0];

π1[[E ]−1] ≡path π1[[[E ]−1]+] ≡path π1[E0] ◦ π2[E1].

Now, assume that Lemma 4.8 already holds for expressions π1[e′′], with e′′ a
normal expression containing at most i operators, i ≥ 1, and let e = π1[e′] be an
expression with e′ a normal expression containing i+ 1 operators. Then either
e′ = π1[e′1] or e′ = e′1 ◦e′2, with e′1 and e′2 normal expressions containing at most i
operators. In the first case, e = π1[π1[e′1]] ≡path π1[e′1], and Lemma 4.8 holds for
e by the induction hypothesis. In the second case, we have e = π1[e′1 ◦ e′2] ≡path

π1[e′1◦π1[e′2]]. By the induction hypothesis, e′2 is path-equivalent to a finite union
of expressions of the form π1[Ev2 ] ◦ π2[Ew2 ], v2, w2 ≥ 0. For e′1, we distinguish
again two cases:

1. Expression e′1 = π1[e′′1 ], with e′′1 a normal expression containing at most i
operators. Hence, by the induction hypothesis, e′1 is path-equivalent to a
finite union of expressions of the form π1[Ev1 ] ◦ π2[Ew1 ], v1, w1 ≥ 0. It now
suffices to observe that

π1[Ev1 ] ◦ π2[Ew1 ] ◦ π1[Ev2 ] ◦ π2[Ew2 ] ≡path π1[Emax(v1,v2)] ◦ π2[Emax(w1,w2)]

to see that Lemma 4.8 holds for e.
2. In the other case, we may assume without loss of generality that e′1 is an

atom. Hence, it suffices to observe that, for v, w ≥ 0,

π1[id ◦ (π1[Ev] ◦ π2[Ew])] ≡path π1[Ev] ◦ π2[Ew];

π1[E ◦ (π1[Ev] ◦ π2[Ew])] ≡path π1[Ev+1] ◦ π2[Emax(0,w−1)];
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π1[[E ]−1 ◦ (π1[Ev] ◦ π2[Ew])] ≡path π1[Emax(0,v−1)] ◦ π2[Ew+1];

π1[[E ]+ ◦ (π1[Ev] ◦ π2[Ew])] ≡path⋃
1≤i≤max(1,w) π1[Ev+i] ◦ π2[Emax(0,w−i)];

π1[[[E ]−1]+ ◦ (π1[Ev] ◦ π2[Ew])] ≡path⋃
1≤i≤max(1,v) π1[Emax(0,v−i)] ◦ π2[Ew+i],

to see that Lemma 4.8 holds for e in this case, too.

Next, we illustrate the usage of the above technical lemma.

Example 4.9. Consider the expression e = π1[di ◦ E ◦ E ]. We have

e ≡path π1[[E ]+ ◦ π1[E2] ◦ π2[E0]] ∪ π1[[[E ]−1]+ ◦ π1[E2] ◦ π2[E0]]

≡path π1[π1[E3] ◦ π2[E0]] ∪ π1[π1[E1] ◦ π2[E1]] ∪ π1[π1[E0] ◦ π2[E2]]

≡path π1[E3] ◦ π2[E0] ∪ π1[E1] ◦ π2[E1] ∪ π1[E0] ◦ π2[E2].

As Example 4.9 shows, we can use Lemma 4.8 to partially eliminate diversity
from non-local expressions on unlabeled chains. Using Lemma 4.8, we can also
partially eliminate diversity from non-local expressions on chains, after which we
can use additional distance-based arguments on subexpressions, as shown next.

Proposition 4.10. Already on unlabeled chains, we have

1. N (di,∩) �path N (di,−1, π),

2. N (−1) �path N (di, π).

Proof. First, we prove Statement 1. Consider the expression e = (di ◦ E) ∩ di in
N (di,∩). On a chain, this expression yields all pairs of distinct non-root nodes
that are not edges. Now, assume there exists an expression e′ in N (di,−1, π)
such that, on unlabeled chains, e ≡path e′. Since e is non-local, e′ must be
non-local too. Hence, e′ must contain diversity. By Lemma 4.8, we can rewrite
e′ into a union of expressions each of which is a composition of terms of the
form id, di, E , [E ]−1, π1[Ev], or π2[Ew], v, w ≥ 0. Let s = t1 ◦ · · · ◦ tn be such an
expression in which at least one term is diversity. By di ≡path [E ]+ ∪ [[E ]−1]+, s
is path-equivalent to the infinite union⋃

k1,...,kn 6=0 t1,k1 ◦ · · · ◦ tn,kn ,

in which ti,ki = ti if ti 6= di and ti,ki = Eki if ti = di, 1 ≤ i ≤ n. Each
such term Eki is itself a composition of terms E (if ki > 0) or of terms [E ]−1

(if ki < 0). Hence, each expression sk1,...,kn = t1,k1 ◦ · · · ◦ tn,kn is itself a
composition of terms of the form id, E , [E ]−1, π1[Ev], or π2[Ew]. Let δ(sk1,...,kn)
and δ−1(sk1,...,kn) be the number of terms of the form E and [E ]−1 in sk1,...,kn ,
respectively. We note that, for every chain C, we have (v, w) ∈ [[sk1,...,kn ]]C
implies ‖v → w‖C = δ(sk1,...,kn) − δ−1(sk1,...,kn). Since s contains at least one
diversity term, the set

{δ(sk1,...,kn)− δ−1(sk1,...,kn) | k1, . . . , kn 6= 0}
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covers all integer numbers with at most one exception (if s contains exactly
one di term). We can therefore choose an expression s′ = sk1,...,kn for which
0 ≤ δ(s′)− δ−1(s′) ≤ 1. Observe that s′ is a local expression in N (−1, π). Now,
choose an unlabeled chain C that is sufficiently long to ensure that [[s′]]C 6= ∅
(with at-least max(δ(s′), δ−1(s′)) edges). Then, [[s′]]C contains either an identical
node pair (if δ(s′)−δ−1(s′) = 0) or an edge (if δ(s′)−δ−1(s′) = 1), contradicting
e ≡path e

′. Hence, no expression in N (di,−1, π) is path-equivalent to e.
Next, we prove Statement 2 using a similar argument. Let e = [E ]−1. Assume

there exists an expression e′ in N (di, π) such that, on unlabeled chains, e ≡path e
′.

Using the analysis from the previous case, we rewrite e′ into an infinite union
of expressions of the form t1,k1 ◦ · · · ◦ tn,kn with k1, . . . , kn 6= 0. Again, one
can choose an expression s′ = t1,k1 ◦ · · · ◦ tn,kn for which δ(s′)− δ−1(s′) = 0 or
δ(s′)− δ−1(s′) = 1. Hence, we conclude that e′ is not path-equivalent to e.

5. Brute-force results

In the above, we have presented the broad classification and separation results
visualized in Figure 3. Several remaining separations, both at the path and
Boolean levels, can be solved using brute-force techniques in the style of Fletcher
et al. [18].

Consider two query languages N (F1) and N (F2) and class of graphs G. By
Definition 2.6, we do not have N (F1) �path,G N (F2) on G if there exists an

expression e1 in N (F1) and a graph G ∈ G such that, for all expressions e2 in
N (F2), we have [[e1]]G 6= [[e2]]G . From this observation, we derive a three-step
way to determine whether N (F1) �path,G N (F2):

1. First, select a graph G ∈ G and an expression e1 in N (F1).

2. Then compute the set R = {[[e2]]G | e2 in N (F2)}.
3. Finally, if [[e1]]G /∈ R, then we can conclude N (F1) �path,G N (F2).

To compute the set R at the second step, we can use a brute-force method.
At the core of the brute-force computation of R is the observation that there is

only a finite number of possible evaluation results on a given graph, even though
there are an infinite number of expressions. Consequently, one can effectively
enumerate all possible evaluation results on a given graph. To do so, one starts
with evaluating all atomic expressions in N (F2), namely, the expressions of the
form ∅, id, di (if di ∈ F2), ` (for every ` ∈ Σ), and [`]−1 (if −1 ∈ F2), yielding an
initial set R of evaluation results. Next, we iteratively add evaluation results
for non-atomic expressions. First, we consider the unary operators π and π. To
do so, we consider every new evaluation result r we produce. Let er be the
expression used to produce r (hence, r = [[er]]G) and let fj with f ∈ {π, π}
and j ∈ {1, 2} be a unary operator. If fj ∈ F2, then we check whether the
evaluation [[fj [er]]]G produces a new result. If so, we add this new result to R.
Finally, we consider the Boolean operators ◦, ∪, ∩, and −. To do so, we consider
every pair of evaluation results r1 and r2 we produce. Let er,1 and er,2 be the
expression used to produce r1 and r2 (hence, r1 = [[er,1]]G and r2 = [[er,2]]G) and
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T : C:

Figure 10: The unlabeled tree T and chain C used by the brute-force procedure to determine
path separations.

let ⊗ ∈ {◦,∪,∩,−} be a binary operator. If ⊗ ∈ {◦,∪} or ⊗ ∈ F2, then we
check whether the evaluation [[er,1 ⊗ er,2]]G produces a new result. If so, we add
this new result to R. Eventually, no new evaluation results will be found, at
which point we obtained R. The implementation of our brute-force tools can
be found at http://www.jhellings.nl/projects/bruteforce/ and we refer
to Hellings [28] for further details.

Using this approach, we prove the following.

Proposition 5.1. Let F1 ⊆ {di, π, π,∩,−}, F2 ⊆ {di,−1}, and let F3 ⊆ {di}.

1. Already on unlabeled trees, we have N (−1) �path N (F1).

2. Already on unlabeled trees, we have N (π) �path N (F2).

3. Already on unlabeled chains, we have N (π) �path N (F3).

Proof. Let T and C be the tree and chain of Figure 10. Consider the expressions
e1 = [E ]−1, e2 = π1[E ] ◦ π2[E ], and e3 = π1[E ◦ E ]. An exhaustive brute-force
search shows that no expression in N (F1) evaluates to [[e1]]T on T , no expression
in N (F2) evaluates to [[e2]]T on T , and no expression in N (F3) evaluates to
[[e3]]C on C.

At the Boolean level, the key notion in the brute-force approach is the
ability to distinguish a pair of graphs. Consider a class of graphs G, and
graphs G1,G2 ∈ G. We say that a query q distinguishes G1 and G2 if either
[[q]]G1 = ∅ 6= [[q]]G2 or [[q]]G1 6= ∅ = [[q]]G2 . We say that query language N (F1) can
distinguish G1 and G2 if there exists an expression e1 in N (F1) that distinguishes
G1 and G2. Consider a second query language N (F2). By Definition 2.6, we do
not have N (F1) �bool,G N (F2) on G if N (F1) can distinguish graphs G1 and G2

while N (F2) cannot distinguish these graphs. From this observation, we derive
a three-step way to determine whether N (F1) �bool,G N (F2):

1. First, select a pair of graphs G1,G2 ∈ G and an expression e1 in N (F1)
such that e1 distinguishes G1 and G2.

2. Then compute the set R = {([[e2]]G1 , [[e2]]G2) | e2 in N (F2)}.
3. Finally, if, for no pair (r1, r2) ∈ R, we have r1 = ∅ 6= r2 or r1 6= ∅ = r2,

then we can conclude N (F1) �bool,G N (F2).

To compute the set R at the second step, we can use a brute-force enumeration
method similar to the brute-force method used to prove Proposition 5.1. Using
this approach, we prove the following.

Proposition 5.2. Let F1 ⊆ {di}, F2 ⊆ {di,−1}, and F3 ⊆ {di, π, π,∩,−}.
Already on unlabeled trees, we have
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T1: T ′1 :

T2: T ′2 :

T3: T ′3 :

Figure 11: The pairs of unlabeled trees (T1, T ′1 ), (T2, T ′2 ), and (T3, T ′3 ) used by the brute-force
procedure to determine Boolean separations.

1. N (di,−1) �bool N (F1);

2. N (di, π) �bool N (F2);

3. N (di,−1,∩) �bool N (F3).

Proof. Let T1, T ′1 , T2, T ′2 , T3, and T ′3 be the trees of Figure 11. Consider the
following three expressions:

e1 = ([E ]−1 ◦ [E ]−1 ◦ E) ◦ di ◦ ([E ]−1 ◦ E ◦ E);

e2 = (E ◦ E ◦ [E ]−1) ◦ di ◦ π1[[E ]−1 ◦ E ◦ E ] ◦ di

◦ π1[[E ]−1 ◦ E ◦ E ] ◦ di ◦ (E ◦ [E ]−1 ◦ [E ]−1);

e3 = ((([E ]−1 ◦ E) ∩ di) ◦ (([E ]−1 ◦ E) ∩ di)) ∩ di.

We have [[e1]]T1 = ∅ and [[e1]]T ′
1
6= ∅. An exhaustive brute-force search shows that

no expression in N (F1) can distinguish T1 from T ′1 . Next, we have [[e2]]T2 = ∅ and
[[e2]]T ′

2
6= ∅. Observe that e2 is in N (di,−1, π). By Proposition 8.4 (Section 8),

e2 is Boolean-equivalent to an expression in N (di, π). An exhaustive search
shows that no expression in N (F2) can distinguish T2 from T ′2 . Finally, we have
[[e3]]T2 = ∅ and [[e3]]T ′

2
6= ∅. An exhaustive search shows that no expression in

N (F3) can distinguish T3 from T ′3 .

6. Collapse results

In Sections 3, 4, and 5, we focused on separation results. Here, we focus
on collapse results. To prove these collapse results, we introduce condition tree
queries, a generalization of the tree queries of Wu et al. [14] (see also Section 8).

First, in Section 6.1, we introduce the condition tree queries and show
that they can be used to represent union-free local relation algebra expression.
Next, in Section 6.2, we show that the condition tree queries are closed under
intersection, which we use to show that intersection is redundant for the local
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relation algebra fragments. Finally, in Section 6.3, we use the condition tree
queries to show the Boolean-equivalence of N (−1) and N (π).

6.1. Condition tree queries

We first define the syntax and semantics of condition tree queries:

Definition 6.1. A condition tree query Q is a tuple Q = (T , C, s, t, γ), where
T = (V,Σ,E) is a labeled tree, C is a set of node expressions that represent node
conditions, s ∈ V is the source node, t ∈ V is the target node, and γ ⊆ V×C is the
node-condition relation. We write γ(n) to denote the set {e | (n, e) ∈ γ}.6 Let
T ′ = (V ′,Σ,E′) be a tree. Then [[Q]]T ′ consists of all node pairs (m,n) ∈ V ′×V ′
for which there exists a mapping f : V → V ′ satisfying the following conditions:

1. f(s) = m and f(t) = n;

2. for all v ∈ V and e ∈ γ(v), (f(v), f(v)) ∈ [[e]]T ′ ; and

3. for all ` ∈ Σ and (v, w) ∈ E (`), (f(v), f(w)) ∈ E′ (`).

We denote the condition tree query path-equivalent to ∅ simply by ∅.

Intuitively speaking, condition tree queries define intentional relationships
between pairs of nodes (m,n) by specifying a tree pattern that connects source
node m and target node n. In this tree pattern, each individual node must
satisfy the specified node conditions (for that node in the pattern).

Example 6.2. The condition tree query Q in Figure 12 selects a node pair (s, t)
if the following tree traversal steps are all successful:

1. from s, go up via two edges labeled `1 and `2;

2. check if the node where we have arrived satisfies the node expression π2[`3];

3. from there, go down via two edges labeled `3, arriving at t;

4. check if t has outgoing edges labeled `1 and `2.

The condition tree query Q is path-equivalent to the expression

[`1]−1 ◦ [`2]−1 ◦ π2[`3] ◦ `3 ◦ `3 ◦ π1[`1] ◦ π1[`2],

which is in N (−1, π).

In the remainder of this section, we formalize the relationship between
condition tree queries and relation algebra expressions exhibited in Example 6.2.
Thereto, let F ⊆ {−1, π, π}, and let Qtree(F) be the class of all condition tree
queries in which node conditions are restricted to ∪-free expressions in N (F).
We claim that, for F = {−1, π} and F = {−1, π, π}, Qtree(F) and the class of all
∪-free expressions in N (F) path-subsume each other.

First, we show how to rewrite from N (F) to a condition tree query:

6We observe that the condition tree queries without node conditions are equivalent to the
tree queries as defined in Wu et al. [14].

25



`2 `3

`1 `3

`1 `2

s t

{π2[`3]}

Figure 12: A condition tree query with a single condition.

Algorithm produceTQ(t1 ◦ · · · ◦ tk, Σ):

1: s := a fresh tree node
2: V,E, C, γ(s), current := {s}, {` 7→ ∅ | ` ∈ Σ}, ∅, ∅, s
3: for ti in [t1, . . . , tk] do
4: if ti is of the form ` then
5: n := a fresh tree node
6: V,E (`) , current := V ∪ {n},E (`) ∪ {(current , n)}, n
7: else if ti is of the form [`]−1 then
8: if not ∃n∃`′ with (n, current) ∈ E (`′) then
9: n := a fresh tree node

10: V,E (`) , current := V ∪ {n},E (`) ∪ {(n, current)}, n
11: else if ∃n∃`′ with ` = `′ and (n, current) ∈ E (`′) then
12: current := n
13: else #(∃n∃`′ with ` 6= `′ and (n, current) ∈ E (`′)).
14: return ∅
15: else #(ti is a node expression).
16: C, γ(current) := C ∪ {ti}, γ(current) ∪ {ti}
17: return ((V,Σ,E), C, s, current , γ)

Figure 13: Algorithm produceTQ that translates ∪-free expressions in N (−1, π, π) to path-
equivalent condition tree queries (given a set Σ of possible edge labels).

Proposition 6.3. Let F ⊆ {−1, π, π} and let e be a ∪-free expression in N (F).
There exists a condition tree query Q in Qtree(F) such that e ≡path Q.

Proof. Due to e being ∪-free and in N (−1, π, π), it is of the form t1 ◦ t2 ◦ · · · ◦ tk,
in which every ti, 1 ≤ i ≤ k, is an expression of the form ∅, id, `, [`]−1, πj [e

′], or
πj [e

′], with ` an edge label and j ∈ {1, 2}. Algorithm produceTQ, presented in
Figure 13, will construct the path-equivalent condition tree query from t1◦· · ·◦tn
that satisfies this Proposition. It is straightforward to prove that the main for-
loop satisfies the loop invariant “the structure ((V,Σ,E), C, s, current , γ) is a
condition tree query in Qtree(F) and is path-equivalent to id ◦ t1 ◦ · · · ◦ ti−1.”
Hence, termination of the Algorithm yields the desired query Q.

For the translation from condition tree queries to ∪-free expressions, we shall
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{π2[`3]}
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t{π2[`3]}
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{π2[`3]}

{π1[`2]}{π1[`2 ◦ π2[`3]]}

Figure 14: The condition tree query on the left is up-down. The condition tree query in the
middle is not, but this query is path-equivalent to the up-down query on the right.

assume that the condition tree queries are restricted to up-down queries.

Definition 6.4. A condition tree query Q = (T , C, s, t, γ) is an up-down query
if all edges of T are on the unique path from s to t (not taking into account the
direction of the edges).

Example 6.5. An up-down query can look like a chain if the target node is an
ancestor of the source node, or vice versa, as illustrated by Figure 14, left. This
up-down query is path-equivalent to π2[`3] ◦ [`2]−1 ◦ [`1]−1.

The condition tree query in the middle is not up-down, but is path-equivalent
to the up-down tree query on the right. Observe that the right query is obtained
by pushing parts of the tree traversal described by the middle query into node
conditions. The middle and right queries are path-equivalent to π1[`2 ◦ π2[`3]] ◦
[`1]−1 ◦ π2[`3] ◦ `2 ◦ π1[`2] ◦ `1.

As illustrated in Example 6.5, we can rewrite a condition tree query to an
up-down query by pushing into node conditions those parts of the condition tree
query not on the path from source to target. The first step in this is to push
all node conditions of a node into a single expression, for which we define the
condition expression.

Definition 6.6. Let ((V,Σ,E), C, s, t, γ) be a condition tree query and let n ∈ V .
We define the condition expression conditions(n) of n by

conditions(n) =
⋂

e∈γ(n)

e

when γ(n) 6= ∅ and conditions(n) = id otherwise. As every expression in γ(n) is a
node expression, the expression conditions(n) is also a node expression. Observe
that if γ(n) = {e1, . . . , ek}, then conditions(n) ≡path e1 ◦ · · · ◦ ek. We usually
assume that conditions(n) is written as such a composition of terms instead of
an intersection of terms.

Lemma 6.7. Let {π} ⊆ F ⊆ {−1, π, π} and let Q be a condition tree query in
Qtree(F). There exists an up-down query Q′ in Qtree(F) such that Q ≡path Q′.
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Proof. Let Q = (T , C, s, t, γ) with T = (V,Σ,E). If Q is not up-down, then
there must exist a node n ∈ V −{s, t} such that n is a leaf node or such that n is
the root node and has only a single child. In both cases, we are able to remove n
from Q. First, we consider the leaf-prune of leaf node n. Let (m,n) ∈ E (`) be
the edge in T that connects n to its parent m. Remove n from the tree and add
the node expression π1[` ◦ conditions(n)] to C and γ(m). Let Q′′ be the result
of the leaf-prune. By construction, we have Q′′ in Qtree(F) and Q ≡path Q′′.
Next, we consider the root-prune of root node n. Let (n,m) ∈ E (`) be the edge
in T that connects n to its single child m. Remove n from the tree and add
the node expression π2[conditions(n) ◦ `] to C and γ(m). Let Q′′ be the result
of the root-prune. By construction, we have Q′′ in Qtree(F) and Q ≡path Q′′.
By repeatedly applying leaf-pruning and root-pruning until both are no longer
possible, we end up with an up-down query that satisfies the Lemma.

As illustrated in Example 6.5, an up-down query can be translated straight-
forwardly into a path-equivalent relation algebra expression, provided we have
the converse operator (−1) at our disposal:

Proposition 6.8. Let {−1} ⊆ F ⊆ {−1, π, π} and let Q be a condition tree query
in Qtree(F). There exists a ∪-free expression e in N (F) such that e ≡path Q.

Proof. Due to Lemma 6.7, we may assume, without loss of generality, that
Q = (T , C, s, t, γ) is an up-down query. Hence, we can represent Q by two paths
r `s,1 m1 · · · `s,u s and r `t,1 n1 · · · `t,d t. Observe that if r = s, then the first path
reduces to just r and if r = t, then the second path reduces to just r. The
expression

conditions(s) ◦ [`s,u]−1 ◦ · · · ◦ conditions(m1) ◦ [`s,1]−1 ◦ conditions(r) ◦
`t,1 ◦ conditions(n1) ◦ · · · ◦ `t,d ◦ conditions(t)

is in N (F) and is path-equivalent to Q.

6.2. Adding intersection to local fragments

For path queries, Hellings et al. [12, 13] already proved that adding inter-
section to local relation algebra fragments not containing the converse operator
(the downward relation algebra fragments) never increases their expressive power
(Proposition 8.3 in Section 8). Here, we show that this result actually holds
for all local relation algebra fragments. As a first step, consider the following
example:

Example 6.9. Suppose we want to compute the intersection of the two up-down
queries in Figure 15, left. Since the two up-down queries have different depths, a
pair of nodes of a tree can only be in the result of the intersection of the two
queries on that tree if the children of the root of the second query are mapped
to the same node. Hence, we can replace the second up-down query by the
one shown in the middle. Since both queries now have the same shape and
corresponding edges have the same label, the intersection is easily obtained by
merging the node conditions, resulting in the up-down query on the right.
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`1 `2

`3

{π1[`2]}

` `

`1 `2

`3

{π2[`]}

`1 `2

`3

{π2[π2[`] ◦ `]}

`1 `2

`3

{π2[π2[`] ◦ `]}

{π1[`2]}

Figure 15: The step-by-step intersection of the two up-down queries on the left, resulting in
the up-down query on the right.

Q1:

`s1,1

`s1,2

`s1,u1

`t1,1

`t1,2

`t1,d1

r1

m1,1

m1,2

m1,u1

n1,1

n1,2

n1,d1

Q2:

`s2,1

`s2,2

`s2,u2

`t2,1

`t2,2

`t2,d2

r2

m2,1

m2,2

m2,u2

n2,1

n2,2

n2,d2

Figure 16: Up-down queries Q1 and Q2, as used in the proof of Proposition 6.10.

Next, we show that the steps taken in Example 6.9 are sound:

Proposition 6.10. Let {π} ⊆ F ⊆ {−1, π, π} and let Q1 and Q2 be condition
tree queries in Qtree(F). There exists a condition tree query Q such that, for
every tree T , [[Q]]T = [[Q1]]T ∩ [[Q2]]T .

Proof. Let Q1 = (T1, C1, s1, t1, γ1) and Q2 = (T2, C2, s2, t2, γ2) be condition tree
queries. By Lemma 6.7, we can assume, without loss of generality, that Q1 and
Q2 are up-down queries. As Q1 and Q2 are up-down queries, we can represent
Q1 by two paths r1 `s1,1 m1,1 · · · `s1,u1 s1 and r1 `t1,1 n1,1 · · · `t1,d1 t1 and Q2 by
two paths r2 `s2,1 m2,1 · · · `s2,u2 s2 and r2 `t2,1 n2,1 · · · `t2,d2 t2, as visualized by
the two tree queries in Figure 16.

Let T ′ be an arbitrary tree. If u1 − d1 6= u2 − d2, then [[Q1]]T ′ ∩ [[Q2]]T ′ = ∅.
If u1 − d1 = u2 − d2, then we distinguish two cases:

1. u1 6= u2 and d1 6= d2. By symmetry, assume u2 > u1. Let ∆ = d2 − d1 =
u2−u1. Now assume that (v, w) ∈ [[Q1]]T ′∩ [[Q2]]T ′ . Consider the mapping
f from Q2 to T ′ that shows (v, w) ∈ [[Q2]]T ′ . Due to (v, w) ∈ [[Q1]]T ′ , this
mapping f must map the first ∆ nodes on the paths r2 . . . s2 and r2 . . . t2
to the same ∆ nodes in T ′. Hence, if for some i, 1 ≤ i ≤ ∆, `s2,i 6= `t2,i,
then [[Q1]]T ′ ∩ [[Q2]]T ′ = ∅. Thus, assume, for all i, 1 ≤ i ≤ ∆, that
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`s2,i = `t2,i. We can embed this restriction on the nodes m2,1, . . . ,m2,∆

and n2,1, . . . , n2,∆ by replacing Q2 by the up-down query Q′2 represented
by two paths r `s2,∆+1 m2,∆+1 · · · `2,u2

s2 and r `t2,∆+1 n2,∆+1 · · · `t2,d2 t2
with

γ(r) = π2[conditions(r2) ◦ `s2,1 ◦ conditions(m2,1) ◦ conditions(n2,1) ◦
· · · ◦ `s2,∆ ◦ conditions(m2,∆) ◦ conditions(n2,∆)].

On Q1 and Q′2 the conditions of the next case apply.
2. u1 = u2 and d1 = d2. In this case, [[Q1]]T ′ ∩ [[Q2]]T ′ = ∅ whenever
`s1,i 6= `s2,i, 1 ≤ i ≤ u1 = u2, or `t1,i 6= `t2,i, 1 ≤ i ≤ d1 = d2. In all other
cases, we define Q = (T1, C1 ∪ C2, s1, t1, γ

′), in which

γ′(s1) = γ(s1) ∪ γ(s2);

γ′(t1) = γ(t1) ∪ γ(t2);

γ′(r1) = γ(r1) ∪ γ(r2);

γ′(m1,i) = γ1(m1,i) ∪ γ2(m2,i) with 1 ≤ i ≤ u1 = u2;

γ′(n1,i) = γ1(n1,i) ∪ γ2(n2,i) with 1 ≤ i ≤ d1 = d2.

We can use Proposition 6.10 directly to remove intersection at the top level
in ∪-free expressions, this via a translation to condition tree queries. To remove
other occurrences of intersection, a straightforward induction argument on the
structure of expressions suffices.

Theorem 6.11. Let {−1, π} ⊆ F ⊆ {−1, π, π,∩}. On labeled trees, every ∪-free
expression in N (F) is path-equivalent to a ∪-free expression in N (F − {∩}).

Proof. The proof is by induction on the length of e. The base cases are the
atoms, which are all already in N (F − {∩}). We assume that, for all ∪-free
expressions e′ in N (F) of length at most i, there exists a ∪-free expression e′′ in
N (F − {∩}) such that e′ ≡path e

′′.
Let e be a ∪-free expression in N (F) and not in N (F − {∩}) of length i+ 1.

We distinguish the following three cases:

1. e = e1 ◦ e2. We use the inductive hypothesis on e1 and e2 to obtain ∪-free
expressions e′1 and e′2 in N (F − {∩}) with e1 ≡path e′1 and e2 ≡path e′2.
Hence, we have e ≡path e

′
1 ◦ e′2.

2. e = fj [e
′] with f ∈ {π, π} and j ∈ {1, 2}. We use the induction hypothesis

on e′ to obtain a ∪-free expression e′′ in N (F − {∩}) with e′ ≡path e′′.
Hence, we have e ≡path fj [e

′′].
3. e = e1 ∩ e2. We use the inductive hypothesis on e1 and e2 to obtain ∪-free

expressions e′1 and e′2 in N (F − {∩}) with e1 ≡path e′1 and e2 ≡path e′2.
By Proposition 6.3 and Lemma 6.7, we can construct up-down queries
Q1 and Q2 in Qtree(F − {∩}) with e′1 ≡path Q1 and e′2 ≡path Q2. By
Proposition 6.10, we can construct up-down query Q in Qtree(F−{∩}) such
that, for every tree T , [[Q]]T = [[Q1]]T ∩ [[Q2]]T . Finally, by Proposition 6.8,
we can construct a ∪-free expression e′ in N (F−{∩}) such that e′ ≡path Q.
By the above construction, we conclude e ≡path e

′.
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Theorem 6.11 yields the redundancy of intersection for local queries:

Corollary 6.12. Let {−1, π} ⊆ F ⊆ {−1, π, π,∩}. On labeled trees, we have
N (F) ≡path N (F − {∩}).

6.3. The Boolean equivalence of projection and converse

Fletcher et al. [18, 19, 29–31] already showed that, on graphs, N (−1) �bool

N (π) (Proposition 8.4 in Section 8). On labeled trees, this result can be strength-
ened by showing that projections and the converse operator have equivalent
expressive power in Boolean queries. To prove this, we need an intermediate
result on Qtree():

Proposition 6.13. For every condition tree query Q in Qtree(), there exists a
∪-free expression in N (−1) such that Q ≡bool e.

Proof. Let Q = ((V,Σ,E), C, s, t, γ) and let r be the root node of tree (V,Σ,E).
Construct Qr = ((V,Σ,E), C, r, r, γ). Observe that Qr in Qtree() and we have,
for every tree T , [[Q]]T 6= ∅ if and only if [[Qr]]T 6= ∅. Hence, we have Q ≡bool Qr.

Before we translate Qr to an expression in N (−1), we reduce Qr to a single
node. We do so by a leaf-prune construction based on the construction used in
the proof of Lemma 6.7. Let n ∈ V − {r} be a leaf node and let (m,n) ∈ E (`)
be the edge that connects n to its single parent m. As conditions(n) is a node
expression, we have π1[` ◦ conditions(n)] ≡path ` ◦ conditions(n) ◦ [`]−1. Hence,
if conditions(n) in N (−1), then also ` ◦ conditions(n) ◦ [`]−1 in N (−1). Remove
n from the tree and add the node expression ` ◦ conditions(n) ◦ [`]−1 to C,
γ(m), and let Q′′ be the result. By construction, we have Q′′ in Qtree(

−1) and
Qr ≡path Q′′.

Let Q′ be a condition tree query in Qtree(
−1) obtained by repeating the

above leaf-prune operations on Qr until only the root node r′ remains. By
construction, we have Qr ≡path Q′ ≡path conditions(r′). As Q′ in Qtree(

−1), we
have conditions(r′) in N (−1) and we conclude Q ≡bool conditions(r

′).

Next, we observe that the class of condition tree queries Qtree(), which
consists of all condition-free condition tree queries, is equivalent to the tree
queries of Wu et al. [14, Theorem 4.1]. Hence, we have

Lemma 6.14 (Wu et al.). For every ∪-free expression e in N (π), there exists
a condition tree query Q in Qtree() with e ≡path Q.

Combining Proposition 6.13 and Lemma 6.14 yields the equivalence of pro-
jection and converse for local queries:

Corollary 6.15. On labeled trees, we have N (π) ≡bool N (−1).

7. Adding the Kleene-star

In many practical graph query languages based on the relation algebra, such
as the RPQs, 2RPQs, and nested RPQs, a form of recursion is added. Usually,
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this is in the form of the Kleene-star operator: if e is an expression, then so is
[e]∗ and the semantics of evaluation is defined by

[[[e]∗]]G =
⋃
i≥0 [[ei]]G .

In the following, we extend the notation N (F) to F ⊆ {di,−1, π, π,∩,−, ∗}.
Adding the Kleene-star to any of the fragments of the relation algebra we

consider can have an impact on the expressive power. Several facets of this have
already been successfully studied in the literature by Benedikt et al. [11], Fletcher
et al. [18, 19, 30], and Hellings et al. [12, 13] (see also Section 8). Furthermore,
it is well-known that first-order logic cannot express that a chain has even length
and cannot express the transitive closure [13, 23]. Hence, we have:

Lemma 7.1.

1. Already on labeled chains, we have N (∗) �bool N (di,−1, π, π,∩,−).

2. Already on unlabeled chains, we have N (∗) �path N (di,−1, π, π,∩,−).

3. Already on unlabeled chains, we have N (π, ∗) �bool N (di,−1, π, π,∩,−).

Additionally, the following collapses have been proven [12, 13, 29, 30]:

Lemma 7.2.

1. On unlabeled graphs, we have N (F ∪ {∗}) �bool N (F) if F ⊆ {di, π}.
2. On unlabeled trees, we have N (−1, π,∩, ∗) �bool N ().

Next, we complete the picture. First, we show a final case in which Kleene-star
does add expressive power to Boolean queries.

Proposition 7.3. Let F ⊆ {di,−1, π, π,∩,−}. Already on unlabeled trees, we
have N (di,∩, ∗) �bool N (F).

Proof. As first-order logic cannot express that a chain (or any path between a
pair of distinguishable nodes) has even length, we conclude that no expression in
N (F) is Boolean-equivalent to X ◦ [E ◦ E ]∗ ◦X, in which X = (E ◦ di) ∩ E yields
those edges from parent nodes to child nodes in which the parent also has other
children.

The above does not cover Boolean queries on unlabeled trees in N (F ∪ {∗}),
F ⊆ {di,−1, π}. For these cases, we will show that we have N (F ∪ {∗}) �bool

N (F). To do so, we first use subtree-reductions to obtain limits on the size of
trees of a given depth:

Lemma 7.4. Given a finite set of edge labels Σ and constants d, k ≥ 0.

1. There exists only a finite number of trees T with depth(T ) ≤ d that are
not k-subtree-reducible.

2. There exists a constant w ≥ 0 such that, for every tree T = (V,Σ,E) with
depth(T ) ≤ d that is not k-subtree-reducible, we have |V| ≤ w.
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Figure 17: All non-2-subtree-reducible unlabeled trees of depth up-to-2.

Proof. By induction on the depth of trees, we show that every tree of depth d
that is not k-subtree-reducible is isomorphic to a subtree of a single maximum-
sized tree of depth d that is not k-subtree-reducible. The base case is d = 0, in
which case we only have the tree with a single node. Now assume we have a set
Si of all trees of depth up-to-i, i ≥ 0, and that these trees satisfy the Lemma.
The biggest tree of depth i + 1 we can construct consists of a root node that
has, per edge label ` ∈ Σ and per tree T in Si, k outgoing edges labeled ` to
children that are roots of copies of T . All other trees of depth i+ 1 that are not
k-subtree-reducible are equivalent to a tree that can be constructed by taking a
subset of the nodes and edges in this tree.

Lemma 7.4 does not provide explicit upper bounds on the number of trees
and the size of these trees. From the construction used in the proof of the lemma,
it already follows that the upper bound grows at least exponentially fast with d,
however.

Example 7.5. Figure 17 shows all unlabeled trees of depth up-to-2 that are not
2-subtree-reducible.

Next, we use Lemma 7.4 to prove the claimed collapse:

Theorem 7.6. Let F ⊆ {di,−1, π}. On unlabeled trees, we have N (F∪{∗}) �bool

N (F).

Proof. Let e be an expression in N (F ∪ {∗}) such that e 6≡path ∅. We perform a
case distinction based on the depth of trees T on which e is evaluated.

Using a result from Hellings et al. [13, Lemma 3.10], there exists k ≥ 0 such
that e ≡bool Ek on unlabeled chains. Let T be a tree with depth(T ) ≥ k and let
C be a chain with depth(C) = k. As depth(T ) ≥ k, we can map the chain C to a
path from the root of T to a node in T with distance k. Using this mapping, we
can apply another result of Hellings et al. [13, Lemma 3.9] to conclude that we
have both [[Ek]]T 6= ∅ and [[e]]T 6= ∅ whenever depth(T ) ≥ k.

Next, let T be a tree with depth(T ) < k. Note that [[Ek]]T = ∅. Hence,
it remains to find an expression e′ in N (F) such that, for every tree T ′ with
depth(T ′) < k, we have [[e]]T ′ 6= ∅ if and only if [[e′]]T ′ 6= ∅. By Lemma 7.4(2),
there exists an upper bound w ≥ 0 for the size (in terms of the number of nodes)
of any tree of depth up-to-k that is not 2-subtree-reducible. Construct e′ from e
by replacing every subexpression of the form [g]∗ by

⋃
0≤i≤w gi. Let T ′ be a

tree with depth(T ′) < k. We distinguish two cases:

1. T ′ has at most w nodes. In this case, [[e]]T = [[e′]]T by the semantics of
the Kleene-star.
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Table 1: Path equivalence relationships between language fragments of X
↑
r,[ ]

and relation

algebra fragments.

Benedikt et al. Fragment of the relation algebra

X
↑
[ ] N (−1, π1)

X↑ N (−1)
X[ ] N (π1)
X N ()

2. T ′ has more than w nodes. By Lemma 7.4(2), we can perform a sequence
of 2-subtree-reduce steps on T ′ until we end up with a tree T ′′ with at most
w nodes. By the semantics of the Kleene-star, we have [[e]]T ′′ = [[e′]]T ′′ .
By Proposition 3.5(2), we have [[e′]]T ′′ 6= ∅ if and only if [[e′]]T ′ 6= ∅. We
conclude [[e′]]T ′ 6= ∅ if and only if [[e]]T ′ 6= ∅.

We conclude Ek ∪ e′ ≡bool e and, by construction, Ek ∪ e′ is in N (F).

8. Related work and results from the literature

The XPath query language for XML data has several formalizations. The
formalization of Benedikt et al. [11] includes a study of the relative expressive

power of fragments of X↑r,[ ] on node-labeled trees. The fragments of X↑r,[ ] are

closely related to fragments of N (−1, π, ∗). In Table 1, we provide the mapping
between the query languages studied by Benedikt et al. and the query languages
we study.

Additionally, the study of Benedikt et al. also considers fragments obtained
by adding a weak form of the Kleene-star operator to the languages: the
descendant axis [E ]∗ (and the ancestor axis [[E ]−1]∗ if −1 is included in the
fragment). Without much effort, we can show that the results of Benedikt et
al. on node-labeled trees also apply to the edge-labeled trees we study.

Proposition 8.1 (Benedikt et al. [11, Proposition 2.1]). Let F1,F2 ⊆ {−1, π, ∗}.
Already on labeled trees, we have N (F1) �path N (F2) if and only if F1 ⊆ F2.

Wu et al. [14] studies the language Path+ and its fragments on node-labeled
trees. These languages are all path-equivalent to ∪-free fragments of the relation
algebra. In Table 2, we provide the mapping between the query languages
studied in Wu et al. and the query languages we study.

Among other things, Wu et al. showed that the query languages Path+,
Path+(∩), and Path+(π1, π2) are path-equivalent on labeled trees. These results
translate to our setting.

Proposition 8.2 (Wu et al. [14, Theorem 4.1]). On labeled trees, every ∪-free
expression in N (−1, π,∩) is path-equivalent to a ∪-free expression in N (−1, π)
and in N (−1,∩).
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Table 2: Path-subsumption relationship between language fragments of Path+ and relation
algebra fragments.

Wu et al. Fragment of the relation algebra

Path+ N (−1, π,∩)
Path+(∩) N (−1,∩)
Path+(π1, π2) N (−1, π)
DPath+(π1) N (π1)

Benedikt et al. and Wu et al. only studied fragments that are monotone
and 1-subtree-reducible. From our results, we conclude that these fragments
have only very limited expressive power, especially with respect to detecting
branching structures in trees. Our work extends the results for these limited
fragments to the more expressive full relation algebra, to Boolean queries, to
unlabeled trees, and to chains.

Finally, Hellings et al. [12, 13] studied the relative expressiveness of the
fragments of N (π, π,∩,−, ∗),7 and obtained the following results which are
relevant for this study:

Proposition 8.3 ([13, Theorem 3.1]). Let F1,F2 ⊆ {π, π,∩,−, ∗}.

1. On labeled and unlabeled trees, we have N (F1) �path N (F2) if and only if
(F1 − {∩,−}) ⊆ (F2 − {∩,−}).

2. On labeled trees, we have N (F1) �bool N (F2) if and only if (F1−{∩,−}) ⊆
(F2 − {∩,−}).

Additionally, the following results are obtained:

4. On unlabeled trees, N (−1) �path N (π, π,∩,−, ∗) and N (di) �path N (π, π,
∩,−, ∗).

5. On unlabeled trees, N (−1, π,∩, ∗) �bool N ().

6. On unlabeled trees, N (π) �bool N (di,−1, π,∩, ∗), and N (π, ∗) �bool N (π).

On graphs, the relative expressive power of fragments of the relation algebra
has been studied in great detail by Fletcher et al. [18, 19, 29–31]. A close
inspection of the individual separation results of Fletcher et al. reveals that none
of these separation results directly apply to trees or chains, as the proofs of these
separation results rely on non-tree graph structures. Consequently, our work
improves on these results significantly by showing that many separations already
hold on the much simpler tree and chain data models. Fletcher et al. also proved
a collapse result, that automatically also holds on trees:

Proposition 8.4 (Fletcher et al. [19, Proposition 4.2]). Let F ⊆ {di,−1, π, π}.
On labeled and unlabeled graphs, we have N (F ∪ {−1}) �bool N (F ∪ {π}) if
F ⊆ {di,−1, π, π}.

7These are generally referred to as the downward fragments of the relation algebra.
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Additionally, Fletcher et al. also studied the Kleene-star, for which the
following collapse results is provided:

Proposition 8.5 (Fletcher et al. [30, Theorem 1]). Let F ⊆ {di,−1, π, π}. On
unlabeled graphs, we have N (F ∪ {∗}) �bool N (F) if F ⊆ {di, π}.

Theorem 7.6 already showed that, on trees, this collapse result can be
strengthened significantly.

Several other well-known expressiveness results are known in the context of
Conditional XPath and Navigational XPath [6, 8, 32], which are strongly related
to the relation algebra. Unfortunately, these results are proved with respect to
the sibling-ordered tree data model, and do not apply to our unordered tree data
model.

9. Conclusion and future work

In this paper, we settled the relative expressive power of queries in fragments
of the relation algebra when used to query trees. A summary of our results
can be found in Figure 18. To compensate for the limited flexibility of the
tree data model compared to the graph data model, we needed to develop
several new techniques to make this study feasible. For the local fragments, i.e.,
fragments of N (−1, π, π,∩,−), we provided a complete characterization of their
relative expressive power, and with respect to the non-local fragments, only one
challenging problem remains open:

Problem 9.1. Let {di, π,∩} ⊆ F ⊆ {di,−1, π, π,∩}, let G be the class of labeled
trees, unlabeled trees, or labeled chains, and let sem ∈ {bool,path}. Do we have
N (F ∪ {−}) �sem,G N (F) or not?

The difficulties in solving this open problem are manifold. For example,
consider the language N (di,−1, π, π,∩). In this fairly rich query language, there
are many expressions for which one can express the complement. E.g., for k > 0,
we have E−k ≡path (E−k ◦ di) ∪ (π1[E−k] ◦ (id ∪ di)). Unfortunately, we have not
been able yet to express the complement for every expression in N (di,−1, π, π,∩),
and we have also not been able to prove that expressing the complement of some
expressions in N (di,−1, π, π,∩) is impossible in N (di,−1, π, π,∩).

On unlabeled chains, we already established that N (di,−1, π, π,∩,−) �bool

N (di, π,∩), as every first-order query is Boolean-equivalent to an expression in
N (π) [28, Section 3.9]. At the same time, we already know thatN (F∪{−}) �bool

N (F), F ⊆ {di,−1, π, π,∩}, on unlabeled graphs [18, 19], a result that can
already be obtained using brute-force methods. Such brute-force results cannot
be extended to simpler classes of graphs, however. Indeed, we can prove that
strong Boolean separations, which can be proven using brute-force methods, do
not exist in our open cases. In specific, we have the following

Lemma 9.2 (Hellings [28, Chapter 6.2]). Let T be a tree that is not 3-subtree-
reducible. There exist expressions e1 in N (di,−1, π,∩) and e2 in N (−1,−) such
that, for every T ′ that is not 3-subtree-reducible, [[e1]]T ′ 6= ∅ and [[e2]]T ′ 6= ∅ if
and only if T is isomorphic to T ′.
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From the above, it follows that a possible separation betweenN (di,−1, π, π,∩)
and N (di,−1, π, π,∩,−) cannot be established on a single pair of trees, ruling
out the applicability of brute-force techniques and many techniques developed
in our work. Hence, we definitely face a challenging open problem, which we
hope to solve in the future.
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Unlabeled trees
Boolean semantics Path semantics

di −1 π π ∩ − ∗ di −1 π π ∩ − ∗

N () 3.7 7 8.3 3 8.3 3 8.3 7 8.3 3 8.3 3 8.3 3 8.3 7 8.3 7 8.3 7 8.3 7 8.3 3 8.3 3 8.3 7
N (∩) 3.7 7 8.3 3 8.3 3 8.3 7 8.3 3 8.3 3 8.3 7 8.3 7 8.3 7 8.3 7 8.3 3 8.3 7
N (∩,−) 8.3 7 8.3 7 8.3 7 8.3 7 8.3 3 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7
N (π) 3.7 7 8.4 3 8.3 7 8.3 3 8.3 7 8.5 3 8.3 7 8.3 7 8.3 7 8.3 3 8.3 7 8.3 7
N (π,∩) 3.7 7 8.2 3 8.3 7 8.3 7 8.3 3 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7
N (π, π) 3.7 7 8.4 3 8.3 3 8.3 3 8.3 7 8.3 7 8.3 7 8.3 3 8.3 3 8.3 7
N (π, π,∩) 3.7 7 6.12 3 8.3 3 8.3 7 8.3 7 8.3 7 8.3 3 8.3 7
N (π, π,∩,−) 3.7 7 3.7 7 8.3 7 8.3 7 8.3 7 8.3 7
N (−1) 3.7 7 8.3 3 8.3 7 8.3 3 8.3 7 8.3 3 3.7 7 5.1 7 8.3 7 5.1 7 8.3 7 8.3 7
N (−1, π) 3.7 7 8.3 7 8.2 3 8.3 7 8.3 3 3.7 7 8.3 7 8.2 3 8.3 7 8.3 7
N (−1, π,∩) 3.7 7 8.3 7 8.3 7 8.3 3 3.7 7 8.3 7 8.3 7 8.3 7
N (−1, π, π) 3.7 7 6.12 3 3.7 7 8.3 7 3.7 7 6.12 3 3.7 7 8.3 7
N (−1, π, π,∩) 3.7 7 3.7 7 8.3 7 3.7 7 3.7 7 8.3 7
N (−1, π, π,∩,−) 4.5 7 8.3 7 4.5 7 8.3 7
N (di) 5.2 7 5.2 7 8.3 7 3.7 7 8.3 7 8.5 3 5.2 7 5.2 7 8.3 7 3.7 7 8.3 7 8.3 7
N (di, π) 8.4 3 8.3 7 3.7 7 8.3 7 8.5 3 4.10 7 8.3 7 3.7 7 8.3 7 8.3 7
N (di, π,∩) 5.2 7 8.3 7 8.3 7 7.3 7 5.2 7 8.3 7 8.3 7 8.3 7
N (di, π, π) 8.4 3 3.7 7 3.7 7 8.3 7 5.1 7 3.7 7 3.7 7 8.3 7
N (di, π, π,∩) 5.2 7 ? 8.3 7 5.2 7 ? 8.3 7
N (di, π, π,∩,−) 5.2 7 8.3 7 5.2 7 8.3 7
N (di,−1) 5.2 7 8.3 7 3.7 7 8.3 7 7.6 3 5.2 7 8.3 7 3.7 7 8.3 7 8.3 7
N (di,−1, π) 8.3 7 3.7 7 8.3 7 7.6 3 8.3 7 3.7 7 8.3 7 8.3 7
N (di,−1, π,∩) 8.3 7 8.3 7 7.3 7 8.3 7 8.3 7 8.3 7
N (di,−1, π, π) 3.7 7 3.7 7 8.3 7 3.7 7 3.7 7 8.3 7
N (di,−1, π, π,∩) ? 8.3 7 ? 8.3 7
N (di,−1, π, π,∩,−) 8.3 7 8.3 7

Labeled trees
Boolean semantics Path semantics

di −1 π π ∩ − ∗ di −1 π π ∩ − ∗

N () 3.7 7 8.3 7 8.3 7 8.3 7 8.3 3 8.3 3 8.3 7 8.3 7 8.1 7 8.1 7 8.3 7 8.3 3 8.3 3 8.1 7
N (∩) 3.7 7 8.3 7 8.3 7 8.3 7 8.3 3 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7 8.3 3 8.3 7
N (∩,−) 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7
N (π) 3.7 7 8.4 3 8.3 7 8.3 3 8.3 7 8.3 7 8.3 7 8.1 7 8.3 7 8.3 3 8.3 7 8.1 7
N (π,∩) 3.7 7 8.2 3 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7 8.3 7
N (π, π) 3.7 7 8.4 3 8.3 3 8.3 3 8.3 7 8.3 7 8.3 7 8.3 3 8.3 3 8.3 7
N (π, π,∩) 3.7 7 6.12 3 8.3 3 8.3 7 8.3 7 8.3 7 8.3 3 8.3 7
N (π, π,∩,−) 3.7 7 3.7 7 8.3 7 8.3 7 8.3 7 8.3 7
N (−1) 3.7 7 6.15 3 8.3 7 6.15 3 8.3 7 8.3 7 3.7 7 8.1 7 8.3 7 5.1 7 8.3 7 8.1 7
N (−1, π) 3.7 7 8.3 7 8.2 3 8.3 7 8.3 7 3.7 7 8.3 7 8.2 3 8.3 7 8.1 7
N (−1, π,∩) 3.7 7 8.3 7 8.3 7 8.3 7 3.7 7 8.3 7 8.3 7 8.3 7
N (−1, π, π) 3.7 7 6.12 3 3.7 7 8.3 7 3.7 7 6.12 3 3.7 7 8.3 7
N (−1, π, π,∩) 3.7 7 3.7 7 8.3 7 3.7 7 3.7 7 8.3 7
N (−1, π, π,∩,−) 4.4 7 8.3 7 4.4 7 8.3 7
N (di) 5.2 7 5.2 7 8.3 7 3.7 7 8.3 7 8.3 7 5.2 7 5.2 7 8.3 7 3.7 7 8.3 7 8.3 7
N (di, π) 8.4 3 8.3 7 3.7 7 8.3 7 8.3 7 4.10 7 8.3 7 3.7 7 8.3 7 8.3 7
N (di, π,∩) 5.2 7 8.3 7 8.3 7 7.3 7 5.2 7 8.3 7 8.3 7 8.3 7
N (di, π, π) 8.4 3 3.7 7 3.7 7 8.3 7 5.1 7 3.7 7 3.7 7 8.3 7
N (di, π, π,∩) 5.2 7 ? 8.3 7 5.2 7 ? 8.3 7
N (di, π, π,∩,−) 5.2 7 8.3 7 5.2 7 8.3 7
N (di,−1) 5.2 7 8.3 7 3.7 7 8.3 7 8.3 7 5.2 7 8.3 7 3.7 7 8.3 7 8.3 7
N (di,−1, π) 8.3 7 3.7 7 8.3 7 8.3 7 8.3 7 3.7 7 8.3 7 8.3 7
N (di,−1, π,∩) 8.3 7 8.3 7 7.3 7 8.3 7 8.3 7 8.3 7
N (di,−1, π, π) 3.7 7 3.7 7 8.3 7 3.7 7 3.7 7 8.3 7
N (di,−1, π, π,∩) ? 8.3 7 ? 8.3 7
N (di,−1, π, π,∩,−) 8.3 7 8.3 7

Figure 18: Index to the separation and collapse results discussed in this paper. Let (N (F), op),
F ⊆ {−1, π, π,∩,−}, be a field in the “sem semantics” part of the table, sem ∈ {bool, path}. A
check mark 3 (green-colored cells) in the field (N (F), op) means that N (F ∪ {op}) �sem N (F).
A cross 7 (red-colored cells) in the field (N (F), op) means that N (F∪{op}) �sem N (F). Finally,
a question mark ? (yellow-colored cells) indicates an open problem. The cases in gray-colored
cells indicate results from related work (Section 8). For brevity of the paper, some results
are only obtained by combining the referenced result with a general collapse result such as
Corollary 6.12.
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